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f a .  

REAL TIME IDENTIFICATION OF 
LARGE SPACE STRUCTURES 

J A N I C E  ELAINE VOSS 

Submitted t o  t h e  Department of Aeronautics and As t ronau t i c s  on 
January 16, 1987 i n  par t ia l  f u l f i l l m e n t  of t h e  requi rements  f o r  t h e  
Degree of Doctor of Philosophy i n  Aeronautics and As t ronau t i c s .  

ABSTRACT 

T h i s  thesis examines i d e n t i f i c a t i o n  of f r equenc ie s ,  damping 
r a t i o s ,  and mode shapes of large space s t r i i c t u r e s  (LSSs)  i n  rea l  t i m e .  
R e a l  t i m e  p rocess ing  allows f o r  qu ick  updates of modal p rocess ing  a f t e r  
a r econf igu ra t ion  o r  s t r u c t u r a l  f a i l u r e .  

b a s e l i n e  algorithm f o r  t h e  i d e n t i f i c a t i o n .  Simulation r e s u l t s  on a one 
dimensional 'LSS' demonstrated t h a t  i t  provided good estimates, w a s  n o t  
i l l - c o n d i t i o n e d  i n  t h e  presence  of under -exc i ted  modes, allowed 
a c t i v i t y  by a superv isory  c o n t r o l  system which prevented damage t o  t h e  
LSS o r  excess ive  d r i f t ,  and w a s  capable  of real-time p rocess ing  f o r  
typical,  LSS models. 

A suboptimal ve r s ion  of RLLS, which i s  e q u i v a l e n t  t o  s imula ted  
p a r a l l e l  processing, w a s  der ived .  Applying it t o  the  same d a t a  as t h e  
opt imal  vers ion  showed t h a t  t h e  number of computations per step could  
be reduced by a f a c t o r  of f o u r  with l i t t l e  accuracy p e n a l t y .  

The p o s s i b i l i t y  of improving t h e s e  r e s u l t s  by us ing  an i n p u t  
optimized f o r  the LSS w a s  examined. A method f o r  c o n s t r u c t i n g  opt imal  
i n p u t s  w a s  p resented  and app l i ed  t o  simple LSSs. The i d e n t i f i c a t i o n  
r e s u l t s  using an optimal i n p u t  w e r e  compared t o  those  us ing  a pseudo- 
random binary  sequence as t h e  inpu t .  The opt imal  i n p u t  s i g n i f i c a n t l y  
improved the  accuracy of the  estimates. 

demonstrate t h e  i n p u t / i d e n t i f i c a t i o n  a lgor i thm package i n  a more 
real is t ic  s imula t ion .  Because t h e  f i r s t  e i g h t  f l e x i b l e  modes w e r e  ve ry  
close toge the r ,  t h e  i d e n t i f i c a t i o n  w a s  much more d i f f i c u l t  than i n  t h e  
simple examples. Even so, t h e  model w a s  a c c u r a t e l y  i d e n t i f i e d  i n  real  
t i m e .  

Recursive l a t t i ce  leas t  squa res  (RLLS) w a s  s e l e c t e d  as t h e  

A NASTRAN model of the  d u a l  keel U.S. space s t a t i o n  w a s  used t o  
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Table of Abbrevia t ions ,  Acronyms, and Terminology 

ARMA = auto- regress ive ,  moving average 

ARMAX = auto- regress ive ,  moving average, exogenous i n p u t  

CPU = c e n t r a l  p rocess ing  u n i t  

i d e n t i f i e r  o r d e r  = number of s t a g e s  i n  i d e n t i f i e r  = M 

LLS = l a t t i ce  ( o r  l a d d e r )  least  squa res  

LS = least  squares  

LSS = l a r g e  space s t r u c t u r e  

MIMO = mult ip le  i n p u t ,  mu l t ip l e  o u t p u t  

PRBS = pseudo-random b ina ry  sequence 

RELS = r ecu r s ive  extended leas t  squa res  

RGLS = r ecu r s ive  gene ra l i zed  leas t  squa res  

RML = r ecu r s ive  maximum l i k e l i h o o d  

RLELS = r e c u r s i v e  l a t t i c e  ( o r  l a d d e r )  extended leas t  squa res  

RLLS = r e c u r s i v e  la t t ice  ( o r  l a d d e r )  l ea s t  squa res  

RLS = r e c u r s i v e  leas t  squares  

S I S O  = s i n g l e  i n p u t ,  s i n g l e  o u t p u t  

s l i n k y  = masses connected by l i n e a r  s p r i n g s  and v iscous  dampers (see 

Figure 1.2.1 

SNR = s i g n a l  t o  noise  r a t i o  

s y s t e m  order  = number of modes i n  t h e  system model = N / 2  = n 

UDUT = way t o  f a c t o r  a covariance matrix;  U i s  upper t r i a n g u l a r  and D 

i s  diagonal 

Table of Symbols and No ta t iona l  Conventions 

(-1 = ( 1 i s  a column v e c t o r  

(-)R = ( ) i s  a row vec to r  

( )T = transpose of ( 

( * I  = d e r i v a t i v e  of ( 1 

( - 1  = estimate of ( 1 
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( - 1  = ( 1 )  cor rec t ed  value of ( 1 ( see  RML a lgor i thm i n  Sec t ion  2.2)  

( 2 )  ( ) transformed t o  RLLS form (see equat ion  A12) - 
(-1 = (-1 c a l c u l a t e d  wi th  estimated parameters one s t e p  less c u r r e n t  

( I *  =. ( 1  

t han  those  used t o  g e t  (-1 (compare equat ions  A21 and A421 

complex conjugate  (see sec t ion  2.1 

( 2 )  v a r i a b l e s  involved i n  t h e  unknowns es t imated  by RLLS which are 

n o t  of d i r e c t  i n t e r e s t  i n  t h i s  t h e s i s  i.e. unknowns which 

d e s c r i b e  an ARMAX model i n  terms of f u t u r e  i n p u t s  and ou tpu t s  

(compare equat ions  A23 and A141 

( = t h e  vers ion  of ( 1 appropr ia te  t o  an  n th  o rde r  i d e n t i f i e r  

(see equat ion  2.4.1 1; s i m i l a r  t o  ( I n  except  t h i s  is  used 

when the  o rde r s  are n o t  independent so  t h a t  ( 1 depends on the  

a c t u a l  o rde r  used 

( )in) = t h e  i t h  o rde r  par t  of ( I ,  which was i d e n t i f i e d  with an n t h  

o r d e r  i d e n t i f i e r  (see equat ion 2.4.1 ) 

( )i = ( 1 )  par t i a l  d e r i v a t i v e  of  ( 1 with respect t o  i (see equat ion  

4.2.1) 

( 2 )  orde r  index i.e. minimum order  of i d e n t i f i e r  which would u s e  

( (see equat ion  A14); s imi l a r  t o  ( except  t h i s  is used 

when the  o r d e r s  are independent so t h a t  ( doesn ' t  change wi th  

the  a c t u a l  o rde r  used 

i ( 11 = magnitude of ( 1 i.e ( l2 or (-IT (-1 

dim( 1 = dimension of ( 

I m (  1 = imaginary p a r t  of ( 

R e (  1 = rea l  p a r t  of ( 1 

a = ( 1 )  dimension of many vec to r s  and matrices used i n  an RLLS 

i d e n t i f i e r  = m + p f o r  RLLS = m + 2p f o r  RLELS 

( 2 )  parameter t a r g e t e d  by an optimal i n p u t  (see equat ion  4.2.1 1 

B = ( 1 )  scalar weighting f a c t o r  used in  RLLS = y/X (see equat ions  

A31 -A33 and Figure 2.4.1 1 

( 2 )  eigenvalues  -- of t h e  mat r ix  F' (see equat ion  4.3.18) o r  the  

mat r ix  F (see s e c t i o n  2.1, "Mnrlal Ferns"! 

- B = vec to r  of unknown parameters which m u l t i p l i e s  t h e  p a s t  i n p u t s  i n  

MIMO Parameter iza t ion  3 (see sec t ion  2.1, "Parameter izat ions:  

MIMO" ) 
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y = ( 1 )  s c a l a r  weighting f a c t o r  used i n  IULS = X $ (see equat ion  A61 

and Figure 2.4.2) 

( 2 )  unknown parameters which are  p a r t  of t h e  v e c t o r  - $ i n  MIMO 

Parameter izat ion 3 (see sect ion 2.1, "Parameter izat ions:  MIMO" 1 

- y = vector  c o n t a i n i n g  cons t an t s  chosen t o  meet boundary c o n d i t i o n s  

used t o  calculate opt imal  i n p u t s  (see equat ion  4.3.18); d im(2)  = 

2N* (r+l ) = 4 n * ( r + l )  

r = Hamiltonian (see equat ion  4.3.14) 

E = error es t imates  used i n  RLELS (see "Correlated N o i s e "  i n  s e c t i o n  - 
2.4); d im(&)  - = p 

5 = modal damping r a t i o  

8 = matrix of unknown parameters t o  be estimated (see equat ion  2.2.1 

X = f o r g e t t i n g  factor (see Chapter 2 )  

- X = LaGrange m u l t i p l i e r  (see equat ion  4.3.14); d i m (  - X) = N*(r+l ) 

v = ( 1 )  s t r u c t u r a l  index = number of rows i n  t h e  o b s e r v a b i l i t y  mat r ix  

corresponding to  each i n p u t  (see "Parameter izat ions : MIMO" i n  

s e c t i o n  2.1 1 

( 2 )  boundary condi t ion  on LaGrange m u l t i p l i e r s  - X (see e q u a t i o n  

4.3.14) 

v i  = number of rows i n  t h e  o b s e r v a b i l i t y  mat r ix  corresponding t o  

i n p u t i  (see "Parameter izat ions : MIMO" i n  s ec t ion  2.1 ) 

v i j  = dimension of t h e  i j t h  block of t h e  A mat r ix  i n  observable  

canonica l  form (see "Parameter izat ions:  MIMO" i n  s e c t i o n  2.1 

- TI = [ 0 0 1 IT (see equat ion  A4) 

- 4 = ( 1 )  vector  d e s c r i b i n g  modal shape (see Chapter 1 ) ;  dim(A) = N 

( 2 )  vector of r e g r e s s o r s ,  whose elements depend on t h e  

i d e n t i f i c a t i o n  a lgor i thm being used (see equat ion  2.2.1 and 

Appendix A )  

( 3 )  e igenvectors  of mat r ix  F' (see equat ion  4.3.18); d i m ( * )  = 

4n*( r + l  ) = 2N*(r+l ) 

CP = matrix whose columns are t h e  e igenvec tors  of mat r ix  F' (see 

equat ion 4.3.18); s i z e  = 4n*(r+l ) x 4n*(r+l )  

CPC = matrix CP with t h e  top h a l f  eva lua ted  a t  t i m e  t = O  and t h e  bottom 

h a l f  evaluated a t  t i m e  t=T (see t e x t  a f t e r  equat ion  4.3.18); s i z e  = 

4n*( r+ l )  x 4 n * ( r + l )  



9 

QR (or L) = matr ix  of r i g h t  ( o r  l e f t )  e igenvec to r s  (see s e c t i o n  2.1, 

"Modal Forms") 

w = modal frequency 

wc = average  o r  c e n t e r  frequency of two modes, used when opt imiz ing  

w i t h  respect t o  t h e  frequency d i f f e r e n c e  of t h e  modes (see 

"Separa t ing  Closely Spaced Frequencies" i n  s e c t i o n  4.6) 

- 5 = augmented state vec to r  used f o r  c a l c u l a t i n g  optimal i n p u t  (see 

equa t ion  4.3.5); d im(3)  = N*(l+r)  

$i = d e r i v a t i v e  of t h e  estimate of ou tpu t i  wi th  respect t o  i t s  
unknowns (see equat ion  2.2.2);  dim(&) = number of columns i n  0 

a i j  = v e c t o r  of unknown parameters which m u l t i p l i e s  t h e  past  ou tpu t s  

i n  MIMO Parameter iza t ion  3 (see s e c t i o n  2.1, "Parameter iza t ions :  

MIMO" ) 

A = (1  system matrix as i n  4 = A x (elements' of A are scalar 

c o n s t a n t s )  (see Chapter 3) ;  s i z e  = N x N 

( 2 )  system mat r ix  as i n  2 + 1  

c o n s t a n t s )  (see Sec t ion  2.1 1; s i z e  = N x N 

- - 

= A 3 (elements of A are scalar 

( 3 )  ARMA system mat r ix  as i n  y = A 141. (elements of A are polynomials 

i n  i n v e r s e  p o w e r s  of t h e  q transform v a r i a b l e )  (see s e c t i o n  

2 .2) ;  s i z e  = p x p 

- a l - m a n + c  cf 2 S I S c  ~ y + - e z  r.cc-rc1 i n f l l ~ e f i ~ a  rnatyjy ! s D p  pqiiat inn 
'I ----.*-I- -- 

4.6.2) 

b i , j  = i j t h  element of modal c o n t r o l  i n f luence  matrix (see equat ion  

4.3.1) 

B = (1 1 c o n t r o l  i n f l u e n c e  mat r ix  a s  i n  4 = A x + B u (elements of B are 

scalar c o n s t a n t s )  (see Chapter 3 ) ;  s i z e  = N x m 
- - - 

( 2 )  c o n t r o l  i n f luence  mat r ix  as  i n  s+~= A x++ B &(elements  of B 

are  scalar c o n s t a n t s )  (see Section 2.1 1; s i z e  = N x m 

( 3 )  ARMA system mat r ix  as i n  y = A y + B u (elements of B are 

polynomials i n  inve r se  p o w e r s  of the  q t ransform v a r i a b l e )  (see 

s e c t i o n  2.2); s i z e  = p x m 

- - - 

c i=  (1 1 viscous  damper c o n s t a n t s  (see Figures  1.2.1 and 4.6.1 ) 

( 2 )  elements of a S I S O  system measurement mat r ix  (see equa t ion  

4.6.2) 
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= i j t h  element of measurement mat r ix  (see equat ion  4.3.2) C i , j  

E = c o n s t r a i n t  on i n t e g r a t e d  amount of i n p u t  allowed f o r  t h e  optimal 

1 * T  i n p u t  = - - u d t  (see equat ion  4.2.3) 
2 O  

F' = augmented system matr ix  f o r  - 5 and - X (see equat ion  4.3.15); s i z e  

= 2N*(r+l x 2N*(r+l) 

F = ( 1 )  matrix used i n  commonly used v e r s i o n  of t h e  RLLS i d e n t i f i e r  

which approximately equals Ek zT) (see Figure 2.4.1 1; s i z e  = 

a x a  

( 2 )  s y s t e m  mat r ix  of augmented system used f o r  c a l c u l a t i n g  a n  

optimal i n p u t  i.e. - 5 = F - 5 + G - u (see equat ion  4.3.6); s i z e  = 

N*(r+l) x N*(r+l )  

( 3 )  s y s t e m  mat r ix  (4  = F x + G - u )  i n  system from which a modal form - - 
i s  der ived  (see s e c t i o n  2.1, "Modal Forms") 

G = ( 1 )  c o n t r o l  i n f l u e n c e  mat r ix  of augmented system used f o r  

c a l c u l a t i n g  an optimal i n p u t  i.e. - = F - 5 + G - u (see equat ion  

4.3.6); s i z e  = N*(r+l)  x m 

( 2 )  c o n t r o l  i n f l u e n c e  mat r ix  (G = F x + G - u )  i n  system from which a - - 
modal form is  der ived  (see s e c t i o n  2.1, "Modal Forms") .. 

measurement mat r ix  as  i n  y = C x  (see S e c t i o n  2.1 and Chapter 

4 ) ;  s i z e  = p x N 

noise  i n f l u e n c e  numerator mat r ix  as i n  y = Ay + B; + C e  

(elements of C are polynomials i n  inverse powers of t h e  q 

t ransform v a r i a b l e )  (see s e c t i o n  2.2); s i z e  = p x p 

damping matr ix  i n  f i n i t e  element model of a system (see s e c t i o n  

2.1, "Physical  System Model"); s i z e  = n x n 

c o n t r o l  measurement matr ix  as i n  y = C x  + Du_ (see Sec t ion  2.1 

and Chapter 4 ) ;  s i z e  = p x m 

noise  i n f l u e n c e  denominator mat r ix  as i n  y = Ay + Bu - + D - I e  - 
(elements of D a re  polynomials i n  inverse powers of t h e  q 

transform var iable)  (see s e c t i o n  2.2); s i z e  = p x p 

diagonal  mat r ix  obtained from factor tng a covariance mat r ix  as 

i n  UDUT (see below equat ion  A16 and s e c t i o n  2.4) 

noise  on o u t p u t s  (see Chapter 2 ) ;  d im(2)  = p 

vector  of r e g r e s s o r s  ( e r r o r s )  used i n  t h e  RLLS i d e n t i f i e r  (see 

Figures 2.4.1 and 2.4.2, and equat ions  A1 and A21); d im(e)  - = a 
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G ( " ) =  mat r ix  of unknown parameters t o  be e s t ima ted  (see equat ion  

A10) .  S i m i l a r  t o  8, except  t ha t  8 is  used i n  a model which 

p r e d i c t s  p r e s e n t  ou tpu t s  from the pas t ;  G is  used t o  p r e d i c t  bo th  

p r e s e n t  i n p u t s  and ou tpu t s  from t h e  past. S i z e  = a x n a  

( n ) =  columns of G ( ~ )  from 1+( i -1  ) * a  to  i*a (see equa t ion  AI 1 
Gi 
H = ( 1 )  measurement mat r ix  of augmented system used f o r  c a l c u l a t i n g  an 

opt imal  i n p u t  i.e. [y * I  = H - 5 (see equa t ion  4.3.7); s i z e  = r*p 
-1 

x N * ( r + l )  

( 2 )  measurement mat r ix  (y- = H x + D u )  i n  system from which a modal - - 
form i s  de r ived  (see s e c t i o n  2.1, "Modal Forms") 

H ( " ) =  mat r ix  of unknown parameters t o  be e s t ima ted  (see equat ion  

2.4.3) .  S i m i l a r  t o  8, excep t  tha t  8 i s  used i n  a model which 

p r e d i c t s  p r e s e n t  ou tpu t s  from the p a s t ;  H i s  used to  p r e d i c t  t h e  

past  (both. ou tpu t s  and i n p u t s )  from the p resen t .  S ize  = a x n a  

Ip = p x p i d e n t i t y  mat r ix  

J = c o s t  func t ion  f o r  c a l c u l a t i n g  optimal i n p u t s  (see equa t ion  4.2.1 

- k(")=  Kalman ga in  v e c t o r  i n  RLS es t imator  f o r  unknowns i n  G matrix (see 

equat ion  A39); dim(k ( n )  = n*a 
* 

k o r  5 = Kalman ga in  vec to r  i n  RLLS e s t i m a t o r  (see equa t ions  2.2.2, 
-n 

2.4.4, and 2.4.5); dim(k) = number of columns i n  8 ( equa t ion  2.2.2) 

c\= = N (nniiatinns 9 - 4 - 4  and 7 . 4 - 5 )  
a -  -- - -  - 

= ( 1 )  weighting f a c t o r  used i n  J, the  c o s t  f u n c t i o n  f o r  c a l c u l a t i n g  ki 
optimal i n p u t s  (see equa t ion  4.2.1 1 

( 2 )  s p r i n g  c o n s t a n t s  (see Figures 1.2.1 and 4.6.1) 

K = ( 1 )  weighting f a c t o r s  k i  arranged i n  a mat r ix  (see equa t ion  

4.3.8); size  = r*p x r*p 

( 2 )  s t i f f n e s s  mat r ix  i n  f i n i t e  element model of a system (see 

s e c t i o n  2.1, "Phys ica l  System Model"); s i z e  = n x n 

K o r  K- = unknowns be ing  es t imated  i n  RLLS i d e n t i f i e r  (see Figures  
n n 

2.4.1 and 2.4.2 and equa t ions  A14 and A23); s i z e  = a x a 

l (n)= Kalman g a i n  vec to r  i n  FU,S es t ima to r  f o r  unknowns i n  H ma t r ix  (see - 
I \  

equat ion  A 5 0 ) ;  dim(1'"') - = n*a 

m = number of i n p u t s  = dim(:) 

m i  = mass i n  a s l i n k y  (see Figures 1.2.1 and 4.6.1) - 
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M = (1 1 maximum i d e n t i f i e r  o rde r  = number of s t a g e s  i n  i d e n t i f i e r  (see 

Figures 2.4.1 and 2.4.2) 

(2) t ransformat ion  mat r ix  used t o  g e t  from MIMO Paramete r i za t ion  2 

t o  M I M O  Parameter iza t ion  3 (see s e c t i o n  2.1 ) 

(3) mass mat r ix  i n  f i n i t e  element model of a system (see s e c t i o n  

2.1, "Phys ica l  System Model"); s i z e  = n x n 

n = (1) index most commonly used t o  coun t  i d e n t i f i e r  o r d e r  (see Figures  

2.4.1 and 2.4.2) 

(2) number of modes i n  a system model (see equa t ion  4.3.1) = N/2 

N = (1) dim(s tage  v e c t o r  2) ( s e c t i o n  2.1) = t w i c e  t h e  system o r d e r  = 2n 

(2) abbrev ia t ion  f o r  a newton of f o r c e  

p = number of ou tpu t s  = dem(y) 

P (  ) = p r o j e c t i o n  ope ra to r  which p r o j e c t s  on the space spanned by t h e  

rows of mat r ix  ( ) (see equat ion  A4) 
* 

P o r  P = covar iance  mat r ix ,  s i z e  = (number of columns i n  8) x (number 

of columns i n  8) (equat ion  2.2.3) o r  a x a (eqs. 2.4.4 and 2.4.5) 
n n 

q = (1 ) d i s c r e t e  t i m e  t ransform parameter i.e. q y(k) = y(k+l) 

(2) weighting parameter on t h e  i n p u t  i n  an a l t e r n a t e  form of t h e  

c o s t  func t ion  f o r  t h e  opt imal  i n p u t  (see " C h a r a c t e r i s t i c s  of 

the Solu t ion"  i n  s e c t i o n  4.6) 

Q ( n ) =  i nve r se  of covar iance  mat r ix  f o r  e s t i m a t i n g  H ( ~ )  (see equa t ion  

A49); s i z e  = n*a x n*a 

r = number of parameters be ing  optimized over (see equa t ion  4.3.5) 

r = vector  of r e s i d u a l s  used i n  the  RLLS i d e n t i f i e r  (see Figures  2.4.1 
-n 

and 2.4.2, and equa t ions  2.4.3 and A5); dim(2)  = a 

R ( n ) =  i nve r se  of covar iance  ma t r ix  P used i n  t h e  RLS i d e n t i f i e r  (see 

equation A38); s i z e  = n*a x n*a 
* * 

R o r  R = i nve r se  of t h e  covar iance  mat r ix  P o r  P 

S = (1 1 matrix used t o  prove s u f f i c i e n t  second o r d e r  c o n d i t i o n s  f o r  t h e  
n n n n 

op t ima l i ty  of t h e  i n p u t s  (see equa t ion  4.4.3) 

(2) gener ic  mat r ix  which equa l s  X (see eq. A6 and Table A.1) 
N, t 

t = t i m e  index, may be e i t h e r  continuous o r  discrete 

t'. = t i m e  s h i f t e d  by n u n i t s  = t - n (see equa t ion  A331 

T = dura t ion  of an i d e n t i f i c a t i o n  run  (Chap te r -4 )  



T(")  = lower t r i a n g u l a r  t ransformation matr ix  with ones on the  

d i agona l  which converts  from RLS t o  RLLS form (see equat ion A121 

- u = vec to r  of i npu t s ;  dim(:) = m 

U = upper t r i a n g u l a r  matr ix  obtained from f a c t o r i n g  a covariance matr ix  

as  i n  UDUT (see below equat ion A1 6 and s e c t i o n  2 . 4 )  

v = estimate of t h e  va lue  of t he  noise  e (see RML(I1) algori thm i n  - - 
Sect ion  2.2) ;  dim(1)  = p 

V = (1) var iance  of ou tput  no i se  (see equat ion 2.2.2 and Figure 2 .4 .2 )  

( 2 )  gene r i c  vec tor  o r  matr ix  (see equat ion A6 o r  Table A . 1 )  

w = es t ima te  of t h e  value of the  noise  e ( see  RML(1) algori thm i n  - - 
Sect ion  2 .2 ) ;  dim(w) = p 

W = (1) weighting matr ix  which penal izes  s ta te  amplitude i n  c a l c u l a t i n g  

an opt imal  i n p u t  ( see  equat ion 4 .6 .4 ) ;  s i z e  = N x N 

gene r i c  vec to r  o r  matr ix  (see equat idn A6 o r  Table A. 1 ) ( 2  

x = (1) s t a t e  vec tor  ( s e c t i o n  2.1 and Chapter 4 ) ) ;  dim(x)  = N - - 
( 2 )  vec to r  conta in ing  r eg res so r s  = [ZT 2 T ] T  f o r  least  squares  

a lgor i thms (dirn(x1 - = m+p) = [xT uT f o r  extended 

l e a s t  squares  a lgor i thms (dim(x)  = m+2p) ( s e c t i o n  2.4)  - 
zt = [ ~ ( 0 )  - x ( t )  IT ;  s i z e  = ( t + l )  x a ( see  equat ion  A2) 

xN+l= x 
-t -t 
X-1 '1, &= c. matr ix  of p a s t  i npu t s  and outputs  ( s e e  equat ion  A3); s i z e  = 

s h i f t e d  N times with 0 i n  the  vacated elements ( s e e  eq. A5 ) 

N*a  x ( t + l )  

- y = vector  of ou tputs ;  d im(y)  = p 

y '  = y w i t h  t he  i t h  element removed (see MIMO Parameter izat ion 3 )  

Y = gene r i c  vec tor  o r  matr ix  ( see  equation A6 o r  Table A . l )  

T 

- - 
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Chapter 1 : In t roduc t ion  

For the  p a s t  s e v e r a l  years ,  des ign  and cons t ruc t ion  of l a r g e  space  

s t r u c t u r e s  ( L S S s )  has been a growing area of i n t e r e s t .  These systems 

w i l l  range i n  s i z e  from t ens  of meters t o  s e v e r a l  hundred meters i n  

t h e i r  largest dimension. Examples c u r r e n t l y  of i n t e r e s t  a r e  the  

Langley Mast f l i g h t  experiment, t he  Hubble Space Telescope, and the  

U.S.. space s t a t i o n .  

1.1 The Large Space S t r u c t u r e  Problem 

Since launch c o s t s  a r e  a major p o r t i o n  of t o t a l  space system 

c o s t s ,  achieving high s t r u c t u r a l  s t i f f n e s s  by s t r u c t u r a l  means w i l l  be 

very cos t ly .  This fo rces  space s t r u c t u r e s  t o  be l i g h t  and f l e x i b l e  

r e l a t i v e  t o  earthbound s t r u c t u r e s .  The low n a t u r a l  f requencies ,  caused 

by the  l o w  s t i f f n e s s  coupled with the  low n a t u r a l  damping cha rac t e r -  

i s t i c  of l i g h t  metal  and composite s t r u c t u r e s ,  l ead  t o  l a r g e  response 

t o  low frequency d is turbances .  Space s t r u c t u r e  c o n t r o l  sys tems must be 

designed using dynamic models t h a t  inc lude  some f l e x i b l e  modes. This  

r e q u i r e s  accura te  values  f o r  t he  s t r u c t u r a l  f requencies  ( m i ) ,  mode 

shapes (+i), and modal damping ( C i ) .  

These modal parameters can be es t imated  by a n a l y s i s  of f i n i t e  

element models of t he  LSS. The accuracy of t hese  e s t ima tes  i s  l imi t ed  

by having t o  approximate a d i s t r i b u t e d  s t r u c t u r e  with a f i n i t e  element 

model, and d i sc repanc ie s  between the expected s t r u c t u r e  and the  a c t u a l  

s t r u c t u r e  (e.g. use " t y p i c a l "  m a t e r i a l  p roper ty  va lues  r a t h e r  than 

measuring the  exac t  values  f o r  each p i ece  of t h e  s t r u c t u r e ) .  The b e s t  

e s t ima tes  w i l l  be 10%-20% o f f ,  and even t h a t  accuracy w i l l  be achieved 

only for  t h e  lowest frequency modes ( r e f .  25). 

For more accu ra t e  estimates, t e s t i n g  is done on a pro to type  of t he  

space s t ruc tu re .  The s t r u c t u r e  i s  mounted on a t e s t  platform,  shaken, 

and the  response i s  measured. LSSs a r e  too b i g  f o r  ground-based 

t e s t i n g  of a f u l l - s c a l e  pro to type ,  so the  f i n a l  t e s t i n g  w i l l  have t o  be 

done i n  o r b i t .  



I n  O r b i t  I d e n t i f i c a t i o n  

Doing the  i d e n t i f i c a t i o n  i n  o r b i t  c r e a t e s  s p e c i a l  problems. 

Ge t t ing  equipment and personnel  t o  o r b i t  i s  expensive ( c u r r e n t l y  

$ 2 0 0 O / p o ~ n d ) ~ ~ ,  so  t h a t  t e s t i n g  w i l l  be done on f l i g h t  hardware, n o t  

a pro to type .  Actuators and sensors  w i l l  be l i m i t e d  t o  those which w i l l  

be on t h e  ope ra t iona l  system. This l i m i t s  t he  number and t y p e  of 

i n p u t s  and outputs  ava i l ab le .  It a l s o  l i m i t s  t h e  i n p u t s  t o  those  which 

d o n ' t  o v e r s t r e s s  t he  s t r u c t u r e  and don ' t  d r i v e  the  s t r u c t u r e  t o  a s t a t e  

from which the  c o n t r o l  system c a n ' t  recover. 

There a r e  two opt ions  f o r  processing t h e  d a t a  - onboard o r  on t h e  

ground. Air-to-ground communications have a l imi t ed  d a t a  t ransmiss ion  

c a p a b i l i t y ,  so onboard process ing  i s  prefer red .  Autonomy i s  a goa l  f o r  

t h e  space  s t a t i o n ,  again po in t ing  towards onboard processing.  This 

w i l l  l i m i t  computing p o w e r ,  CPU t i m e  a v a i l a b l e  t o  devote t o  

i d e n t i f i c a t i o n ,  and d a t a  s t o r a g e  capaci ty .  Due t o  d a t a  s t o r a g e  l i m i t a -  

t i o n s  and f o r  a p p l i c a t i o n s  involving reconf igura t ion  ( l i k e  docking a 

s h u t t l e  t o  the  space s t a t i o n ) ,  a recurs ive  i d e n t i f i c a t i o n  algori thm 

which can  run i n  real t i m e  is prefer red .  

Close ly  Spaced Frequencies 

In a d d i t i o n  t o  on-orb i t  t e s t i n g ,  t he  l a r g e  number of c l o s e l y  

spaced modal f requencies  makes i d e n t i f i c a t i o n  d i f f i c u l t  ( r e f .  1 2 ) .  The 

a lgor i thm must be a b l e  t o  r e so lve  frequencies  t h a t  a r e  very c l o s e  

toge ther .  It a l s o  must be ab le  t o  handle t ens  of modes without  

exceeding the  computer f a c i l i t y ' s  capaci ty .  

1.2 Thesis  G o a l  

I d e n t i f i c a t i o n  of unknown systems i s  a common problem and has  been 

e x t e n s i v e l y  s tud ied .  However, LSSs a re  new and i d e n t i f i c a t i o n  of a 

system with t h e i r  c h a r a c t e r i s t i c s  has only r e c e n t l y  been examined. Two 

a r e a s  which have n o t  been addressed - optimal  i npu t s  and process ing  

with l imi t ed  computational resources  - a r e  t h e  s u b j e c t  of th is  

research .  
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Chapter 2 s t a r t s  with an overview of what i s  requi red  t o  i d e n t i f y  

a s t r u c t u r e  (choose a model, a n  a lgori thm, and i n p u t s ) .  This procedure 

is then appl ied t o  a LSS. A b a s e l i n e  a lgor i thm i s  s e l e c t e d  -- 
r ecu r s ive  l a t t i ce  least squares  -- descr ibed ,  and evaluated.  

The base l ine  algori thm w a s  chosen p a r t l y  on the  b a s i s  of c y c l i n g  

f a s t e r  than o t h e r  a lgori thms f o r  LSSs. In Chapter 3, a suboptimal 

ve r s ion  of t he  b a s e l i n e  algori thm is  descr ibed  which reduces t h e  cyc le  

time even more. This suboptimal vers ion  i s  app l i ed  t o  some s imulated 

LSSs and compared t o  the  base l ine  vers ion .  

One of t h e  conclusions reached i n  Chapter 3 is t h a t  choice  of 

i n p u t  i s  very important .  This is  explored i n  d e t a i l  i n  Chapter 4. A 

c o s t  func t ion  i s  chosen which i s  appropr i a t e  t o  a LSS i d e n t i f i c a t i o n  

experiment, and then minimized t o  determine an opt imal  input .  The 

c h a r a c t e r i s t i c s  of t h e  r e s u l t i n g  inpu t s  a r e  examined. The 

e f f e c t i v e n e s s  of t he  system i d e n t i f i c a t i o n  us ing  opt imal  i n p u t s  is 

compared t o  us ing  o the r  inputs .  

The examples used i n  chap te r s  2,3, and 4 t o  s imula te  l a r g e  space 

s t r u c t u r e s  a r e  s l i n k y s ,  i . e .  masses connected by l i n e a r  sp r ings  and 

p ropor t iona l  viscous dampers as shown i n  Figure 1.2.1. 

F igure  1.2.1: N - m a s s  Sl inky 

In  a l l  ca ses  t h e  masses a r e  f r e e  t o  move a t  both ends so t h a t  

t h e r e  i s  always a r i g i d  body mode. In Chapter 5, a more complicated 

model i s  used -- a f i n i t e  element model of t h e  U . S .  d u a l  k e e l  space 

s t a t i o n .  The algori thms of Chapters 2 and 3 and the  i n p u t s  of Chapter 

4 a r e  appl ied t o  the space s t a t i o n  model. 

F ina l ly ,  Chapter 6 summarizes the  conclusions reached i n  t h e  

preceding chapters  and sugges ts  d i r e c t i o n s  f o r  f u t u r e  work. 
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Chapter 2: I d e n t i f i c a t i o n  Algorithms 

I d e n t i f i c a t i o n  means de f in ing  a model, from a s p e c i f i e d  c l a s s  of 

models, which i s  most nea r ly  equiva len t  t o  the  system of i n t e r e s t . 1 3  

The choice  is based on the  r e s u l t s  of applying an i d e n t i f i c a t i o n  

a lgor i thm to  inpu t s  and outputs  of t he  system. Thus, i d e n t i f i c a t i o n  

r e q u i r e s  choosing a class of models, an algori thm, and appropr i a t e  

i npu t s .  

There a r e  almost a s  many model/algorithm/input combinations a s  

t h e r e  are i d e n t i f i c a t i o n  problems22. 

p o s s i b i l i t i e s  i s  impossible  t o  do i n  a few pages, so the  approach taken 

here  i s  t o  b r i e f l y  d i scuss  each major dec is ion  i n  t h e  process  of 

p ick ing  a model/algorithm/input package i n  the  con tex t  of LSSs, then 

cont inuing  t o  develop only  those  p o s s i b i l i t i e s  wi th  t h e  most merit. 

Thoroughly examining a l l  the  

2.1 Choosing a Model 

1.  U s e  a l i n e a r  model 

The f i r s t  choice i s  between a l i n e a r  o r  nonl inear  model. A LSS i s  

a nonl inear ,  d i s t r i b u t e d  parameter system. However, l i n e a r  models have 

worked w e l l  i n  p r e d i c t i n g  the  behavior of f l e x i b l e  s t r u c t u r e s 9 .  

Also, i d e n t i f i c a t i o n  of l i n e a r  systems i s  usua l ly  e a s i e r  t o  implement 

than a nonl inear  approach. There i s  no gene ra l  s o l u t i o n  t o  a nonl inear  

i d e n t i f i c a t i o n  problem - an algorithm e f f e c t i v e  on one nonl inear  system 

o f t e n  cannot  be implemented on o the r  nonl inear  systems. F i n a l l y ,  t he  

i d e n t i f i e d  system is usua l ly  used i n  a c o n t r o l l e r  t o  compensate f o r  

d i s turbances .  A l i n e a r  model i s  appropr ia te  f o r  a nonl inear  system 

when excursions a r e  small. 

2. U s e  a lumped parameter (paramet r ic )  model 

Again, even though a LSS is  a d i s t r i b u t e d  parameter (non- 

paramet r ic )  system, lumped parameter models have worked w e l l  i n  

. d e s c r i b i n g  f l e x i b l e  s t ruc tu res9 .  LSS i d e n t i f i c a t i o n  has t w o  goa l s  - 
v e r i f y i n g  the  ground-based a n a l y s i s  of t h e  LSS and providing a model 

t he  c o n t r o l  system can use. Ground-based a n a l y s i s  u sua l ly  inc ludes  a 

f i n i t e  e l e n e n t  model of the  s t r u c t u r e ,  which can be e a s i l y  
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compared t o  a lumped parameter model. 

s ta te-space form, which i s  a lumped parameter form. (Typical  

d i s t r i b u t e d  parameter models a r e  impulse responses ,  sets of p a r t i a l  

d i f f e r e n t i a l  equat ions ,  and s p e c t r a l  d e n s i t i e s . )  

Modern c o n t r o l  a lgor i thms use a 

3. U s e  a t ime- invar ian t  model 

This choice is marginal b u t  t u r n s  o u t  no t  t o  be c r i t i c a l  when 

combined with a l l  t h e  other choices .  The i d e n t i f i c a t i o n  algori thm as  

recommended i n  t h i s  t h e s i s  a p p l i e s  a s  w e l l  t o  a slowly time-varying 

system a s  t o  a t ime- invar ian t  system. 

LSS c h a r a c t e r i s t i c s  vary s lowly w i t h  time. Temperature changes 

cause the  s t r u c t u r e  t o  expand, c o n t r a c t ,  and warp. Outgassing can 

change the ma te r i a l  p r o p e r t i e s  of a s t r u c t u r e .  

atmosphere due t o  f l u c t u a t i o n s  i n  t h e  earth environment can a f f e c t  t h e  

amount of damping a s t r u c t u r e  experiences.  To avoid excess ive  s t r e s s  

on the  s t r u c t u r e ,  LSSs a r e  being designed t o  minimize the  e f f e c t  of 

temperature v a r i a t i o n s .  

changes i n  s t r u c t u r a l  p r o p e r t i e s  and/or take  p l ace  over a t i m e  s c a l e  

much longer than requi red  f o r  an accu ra t e  i d e n t i f i c a t i o n .  So a 

t ime-invariant  model should work w e l l  except  ac ross  major 

reconf igura t ions  of a space s t r u c t u r e ,  e i t h e r  i n t e n t i o n a l l y  o r  due t o  a 

f a i l u r e .  Reconfiguration w i l l  be e i t h e r  known ahead of t i m e  o r  

de t ec t ed  by f a i l u r e  monitors and can be handled by r e i n i t i a l i z i n g  the  

a l g o r i  thm. 

Var ia t ions  i n  

The o the r  d i s tu rbances  should cause only small 

4. U s e  a d i s c r e t e  t i m e  model 

Modern c o n t r o l  systems ope ra t e  i n  d i s c r e t e  t i m e ,  as do t y p i c a l  

input /output  da t a  c o l l e c t o r s .  

Parameter izat ions : SISO 

The c l a s s  of models has been r e s t r i c t e d  t o  l i n e a r ,  t ime- invar ian t ,  

lumped parameter, and d i s c r e t e  time. This i s  t h e  c l a s s  of d i s c r e t e  

t i m e  s t a t e  space models and a l l  equ iva len t  parameter iza t ions .  

Parameter izat ion r e f e r s  t o  which parameters desc r ib ing  a c l a s s  of 

models a r e  assumed t o  be known. Equivalent  parameter iza t ions  a r e  ones 

which c a n ' t  be d i s t ingu i shed  on the  basis of input /output  d a t a  a lone.  
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Some examples of t h i s  i n  the  c l a s s  of d i s c r e t e  t i m e  s ing le - inpu t ,  

s i n g l e - o u t p u t  (SISO)  s t a t e  space models ( ignor ing  noise  t o  s impl i fy  t h e  

examples) a re :  

SISO Parameter izat ion 1 : All parameters unknown 

Example : 
(9 unknowns) 

SISO Parameter izat ion 2: Cbservable Canonical Form 

where a 1  = bc-ad; b l  = a+d; c 1  = eg+fh; d l  = ( ae+bf )g  + (ce+df)h  

S I S O  Parameter izat ion 3: ARMAX (Auto Regressive Moving Average 

Ekogeneous i n p u t )  Form 

Example: 
(5 unknowns) 

y ( k )  = bl y(k-1) + al y(k-2) + i u ( k )  + d2u(k-l 1 + e2u(k-2)  

where d 2  = c l - i b l ;  e = dl -b  c - i a  1 2 1 1  

The systems considered i n  this t h e s i s  a r e  r e s t r i c t e d  t o  

observable ,  c o n t r o l l a b l e  systems. (Since t h a t  covers  a l l  t h e  l i k e l y  

s t r u c t u r e s ,  it i s  n o t  a severe  r e s t r i c t i o n . )  For such systems, a l l  

t h r e e  of t hese  parameter iza t ions  e x i s t  and a r e  equiva len t .  Parameter- 

i z a t i o n  1 i s  t y p i c a l  of a model derived from a phys ica l  knowledge of 

t he  system. Parameter izat ion 3 corresponds t o  t h e  format an i d e n t i f i -  

c a t i o n  algori thm uses because t l e  in te rmedia te  s t a t e  2 has Seen 

el iminated.  Parameter izat ion 2 is a combination. It has the  s t a t e  
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space form of parameterization 1 but the same number of unknowns as 

parameterization 3.  

There are many more parameterizations than the three mentioned 

here (section 4-3 and Chapter 7 of ref. 6). These are a representative 

sample and are used in the rest of this thesis. 

The number of unknowns is a critical factor. All the unknowns in 

parameterization 3 can be uniquely determined from input/output data. 

A unique value of the parameters in parameterization 2 can also be 

determined from the input/output data, because the number of unknowns 

is the same as in parameterization 3 and the two sets of unknowns are 

related by an invertible transformation. However, values for the 

unknowns in parameterization 1 cannot be uniquely determined solely on 

the basis of input/output data. The transformation from parameteriza- 

tion 1 to parameterization 2 is not invertible. 

Parameterizations: M I M O  

The same comments apply to a multi-input, multi-output ( M I M O )  

system. However, specifying the parameterization is more complicated 

because the coefficients in parameterization 3 become matrices. 

For S I S O  systems, the minimum number of unknowns is always 2N+1 

(ref. 14, p. 141, where N=dim(x). N coefficients are associated with N 

past values of y, and N+l with the current and N past values of u. 

Once N is determined, the parameterization can be completely specified. 

For a M I M O  system, parameterizations 2 and 3 become: 

M I M O  Parameterization 2: Observable Canonical Form’ 

! - col 

0 .. 

. 
.umn 

. 

.. 
1 

/loo 

L column ul+l 
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where : Ai i 

B = f u l l y  populated 

D = f u l l y  populated 

v = v  

v = i  
p = number of ou tpu t s  

ii 
min ( v  v . + l )  j < i 

min ( v j , v i )  j L i  

j '  1 
i , j  = 1 t o  p i j  

The s t r u c t u r a l  i n d i c e s  v i  a r e  c h a r a c t e r i s t i c  of t h e  phys i ca l  system, 
x > i  nrri islc -= ---- t h n  ---- n r r m h m r  : - --- :-----:--c .. ..am- 1 4 - m - w  + r 3 n a F n r m = t i n n  

A.G. *.."U&&UI.C U....b& &&..--A ----.--- -... -- ----- 
of rows i n  the o b s e r v a b i l i t y  matr ix  corresponding t o  s e n s o r i  when the  

rows n o t  requi red  f o r  a full rank matrix a r e  deleted13.  

dimension of A i i  is v i  x v i  ( o r  equiva len t ly  s i n c e  t h e  rank of 

t h e  o b s e r v a b i l i t y  matr ix  is  N): 

Since the  

P 
1 V i = N  

i = l  

Thus, t h e  A mat r ix  i n  the observable  canonica l  form of a SISO system is 

t h e  s p e c i a l  case of t h e  A matr ix  i n  t h e  observable  canonica l  form of a 

MIMO system with p=l.  
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MIMO Parameter izat ion 3: ARMAX form1 

T ~ ' ( k )  + ciV T y(k-1)  + * * * +  a T y(k-vi)  + cli T ~ ( k )  y i (k )  = -iv.+l a - -il - 
1 i 

rn rn 

( k )  yi+l ( k )  * * *  yp(k)  ] T 
'i-1 where: l'(k) = [y , (k )  Y2(k) * * *  

i = l  t o  p; j = l  t o  v .+ l  1 1 
T = [ail j * * *  a 

i p j  

M =  

-a 0 
lP2 'PVlp I * * *  1 

-a 1 -a 112 1 1Vl -a 

-a 113 

I I *  
-a 

1 1 V l  

1 

I ' -a 
QVlp 

0 1  I 0 0 

I * * I  
-a 1 

PPVP 
-a 

PI2  p1 vpl . -a 

0 I ' * *  I-a PPVP ' -a 
PIVpl  

0 
O 1  I - 0 - 

m = number of i n p u t s  

A t  f i r s t  g lance ,  there appear to  be  Nx(p+m) + p(m+p-1 unknown 

c o e f f i c i e n t s .  

has  p-1 elements (because y' has  p-1 e lements )  and t h e  res t  of which 

have p elements,  one m e lement  d vec to r ,  and v i  B v e c t o r s ,  each of 

which h a s  m elements:  

Each yi equa t ion  has  v.+1 a vec to r s ,  t h e  f i r s t  of which 
1 -  

- 
- - 
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This coun t ' ove res t ima tes  t h e  number of c o e f f i c i e n t s  because some of 

them must be zero.  

j < i. 
From the  d e f i n i t i o n  of vi j ,  aijv.+,=O f o r  a l l  

=O f o r  a l l  1 i, j (equiva- If a l l  t h e  vi are equal ,  then  a i j  v, +1 
l e n  t l y  , a = 0 f o r  a l l  i ) .  - i u . + l  - 

1 

In t h a t  cake : 

MIMO number of c o e f f i c i e n t s  

when a l l  the  V i  are equa l  
= N(p+m) + p x m (2.1.1 1 

The s t r u c t u r e  of t h e  A i ,  shows t h a t  t h i s  i s  t h e  l a r g e s t  number 

of  c o e f f i c i e n t s  i n  t h e  ARMAX form f o r  any system. It corresponds t o  

t h e  bottom row of each A i ,  block being f u l l  of non-zero elements.  

For some systems, t h e  number of c o e f f i c i e n t s  may be less. If the  

senso r s  have been placed so t h a t  some provide very l i t t l e  new informa- 

t i o n  whi le  o t h e r s  provide  a l o t ,  t h e  V i  w i l l  be very  d i f f e r e n t  and 

t h e  number of c o e f f i c i e n t s  w i l l  be less than  t h a t  given above. N o t e  

t h a t  t h i s  makes t h e  problem more d i f f i c u l t ,  n o t  less. The computation 

t i m e  p e r  update i s  dominated by t h e  y i  ( i = l  t o  p )  equat ion  w i t h  t h e  

l a r g e s t  number of terms i.e. the  l a r g e s t  v i .  The minimum maximum 

v i  occurs  f o r  a l l  t h e  v i  equa l  (or d i f f e r e n t  by no more than one 

when N i s  n o t  evenly d i v i s i b l e  by p) .  

Modal Forms 

For LSSs, a modal form i s  a p a r t i c u l a r l y  u s e f u l  parameter iza t ion .  

I t  i s  easier t o  connect  t h e  unknowns i n  a modal form with p h y s i c a l l y  

s i g n i f i c a n t  q u a n t i t i e s  than t h e  unknowns i n  e i t h e r  of t h e  MIMO 

parameter iza t ions .  This connect ion i s  made by c r e a t i n g  t h e  modal forms 

from t h e  cont inuous t i m e  phys i ca l  model ( u s u a l l y  a f i n i t e  element 

model),  then  conver t ing  t o  d i s c r e t e  t i m e  t o  g e t  t h e  d i s c r e t e  t i m e  

eqdiva lex t .  The forms e x i s t  for d i s c r e t e  t i m e  s y s t e m ,  b u t  t he  

parameters  l o s e  t h e i r  phys i ca l  i n t e r p r e t a t i o n .  
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Phys ica l  System Model: 

g ( t )  = F x ( t )  + G u ( t )  - - - 

where: 

F= [ F~~ 1 ,  i = I  t o  n, j= l  t o  n 

1 1 - [M-lC] ii 

M = mass mat r ix  from the f i n i t e  element m o d e l  M *;t - + c + K 2 = 

force ,  where - x is  a vec tor  of t h e  nodal displacements  of 

dimension n. 

the  nodal displacements  and v e l o c i t k e s  and has dimension N. 

The - x i n  t h e  Phys ica l  System F4odel con ta ins  

C = damping mat r ix  from the  f i n i t e  e lement  model 

K = s t i f f n e s s  matr ix  from t h e  f i n i t e  element model 

G = matrix with odd rows a l l  0 and even rows determined by 

a c t u a t o r  placement. The elements of t h e  rows t y p i c a l l y  

equal  a known c a l i b r a t i o n  f a c t o r  d iv ided  by a modal mass 

( t h e r e  are n modal masses). 

H = conta ins  zeroes  and known c a l i b r a t i o n  f a c t o r s  which are 

determined by sensor  type  and placement 

D = conta ins  zeroes  and known c a l i b r a t i o n  f a c t o r s  which are 

determined by sensor  type and placement 

Two modal forms are i n  common use,  and a t h i r d  one w a s  de r ived  

by modifying the  technique used t o  g e t  MIMO Parameter iza t ion  2: 

Modal Parameter izat ion 1 : 
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$, = eigenvalues  of F = + ie), k=l t o  n. If  t he  

k t h  mode i s  real, then Bk i s  a real number, poss ib ly  

d i f f e r e n t  from the  r e a l  number $k. 

ck = damping r a t i o  of k t h  mode 

Wk = undamped v i b r a t i o n  frequency of k t h  mode 

B 

9, = matrix of r i g h t  e igenvec tors  of F. 

L' 

-1 = f u l l y  populated = ib, G 

The i n v e r s e  matr ix  equa l s  

(wi th in  normalizat ion f a c t o r s )  aT 
e igenvec tors  i .e. e igenvectors  of FT 

the matr ix  of l e f t  

C 

D = a s  i n  the  Physical  System model 

OR = matrix of ( r i g h t )  e igenvectors  of F 

= f u l l y  populated = H 9, 

The number of non- t r iv i a l  parameters needing t o  be i d e n t i f i e d  is  N 

from A, N*m from B, N*p f r o m  C, and m*p from D, f o r  a t o t a l  of 

N*(m+p+l 1 + m*p. Note t h a t  t h i s  is N g r e a t e r  than the  t o t a l  f o r  MIMO 

Parameter iza t ion  3 ' a s  given i n  e q u a t i o n  2.1.1, so that  t h i s  i s  n o t  a 

minimal parameter form. It could be made i n t o  a minimal parameter form 

by choosing the  N a r b i t r a r y  normalization f a c t o r s  on the columns of Q 

so as t o  make N elements of C t r i v i a l .  The phys ica l  s i g n i f i c a n c e  of 

t he  unknown parameters i s  t h a t  N a r e  assoc ia ted  with modal damping 

r a t i o s  and frequency and N*(m+p-1) + m*p with elements of t he  

e igenvec tors  combined with sensor  and a c t u a t o r  c a l i b r a t i o n  f a c t o r s  and 

modal masses. If  t h e  sensor  c a l i b r a t i o n  f a c t o r s  a r e  such t h a t  t he  

sensors  are p o s i t i o n  sensors  which sense e x a c t l y  one s t a t e  i n  the  

Phys ica l  System Model system, then the elements of each column of C 

correspond t o  (wi th in  a normalizat ion f a c t o r )  elements,  a t  t he  senso r  

p o s i t i o n s ,  of the  e igenvec tor  of t h e  mode a s soc ia t ed  with t h a t  column. 

(The t w o  columns of C a s soc ia t ed  with a v i b r a t o r y  mode are complex 

conjugates  of each o the r . )  Note t h a t  t h i s  is  t r u e  even i f  t h e  modal 

form was n o t  cons t ruc ted  d i r e c t l y  from t h e  Physical  System Model. If 

t h e  system is eql l ivalent  t o  ! i .e .  a linear t ransformat ion  o f )  t he  

Phys ica l  System Model, the  same procedure can be used t o  recover  t h e  

e igenvec tor  elements of t he  Phys ica l  System Model. (The p o s i t i o n  

elements of an e igenvec tor  a r e  c o l l e c t i v e l y  r e f e r r e d  t o  as t h e  mode 

shape . 1 

R 
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I f  the senso r s  had been v e l o c i t y  senso r s ,  t he  column elements 

would have been corresponding e igenvec tor  elements.  Note t h a t  whi le  

adding  ve loc i ty  sensors  i n c r e a s e s  t h e  number of unknowns t o  be 

i d e n t i f i e d ,  no new information i s  obtained.  The form of t h e  Phys ica l  

System Model r e q u i r e s  t h e  v e l o c i t y  e lements  of e igenvec to r s  t o  be Bk 

times the p o s i t i o n  elements ,  so t h a t  de te rmining  t h e  p o s i t i o n  elements 

(mode shape) of an e igenvec tor  determines t h e  e n t i r e  e igenvec tor .  The 

maximum number of u s e f u l  (from the  p o i n t  of view of provid ing  

non-redundant in format ion)  senso r s  i s  N/2, with  each senso r  be ing  

e i t h e r  a p o s i t i o n  or v e l o c i t y  senso r  and no co-located senso r s .  

S i m i l a r l y ,  t h e  rows of B are elements of t h e  l e f t  e igenvec to r s  

d iv ided  by t h e  modal masses. 

A disadvantage of t h i s  form is t h a t  A, B, and C are complex. 

Modal Parameter izat ion 2: 

where: 

dkag ["'" Im(f lk1  

d i a g  [ 0 

0 

k=l t o  n except  f o r  

-Im(Bk) R e ( B k )  r i g i d  body modes 
A =  

r i g i d  body modes 

0 ' 1  
-1 

B = f u l l y  populated = ch G 

@ = [ R e ( $ l )  I m ( q l )  R e ( & )  I m  (4,) 1 
41 = e igenvec tor  of F. For real  modes, I m ( q n )  becomes t h e  - 

e igenvec tor  f o r  t h e  second real  root .  For r i g i d  body modes, 

Im(&) i s  t h e  gene ra l i zed  e igenvec tor  f o r  t h e  mode. 

C = f u l l y  populated = H ch 

D = as i n  t h e  Physical  System Model 

The number of n o n - t r i v i a l  parameters  needing t o  be i d e n t i f i e d  is  

the  same as f o r  Modal Parameter iza t ion  1. The same comments on 

spec i fy ing  the  e igenvec tor  normal iza t ions  i n  Modal Parameter iza t ion  1 

apply to  t h i s  form. The procedure r e q u i r e s  t r e a t i n g  t h e  t w o  columns 

a s s o c i a t e d  w i t h  a v i b r a t o r y  mode as a s i n g l e  complex column and 

normalizing them simultaneously.  
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The recovery of e igenvec tor  elements f o r  v i b r a t o r y  modes i s  a 

l i t t l e  d i f f e r e n t  from Modal Parameter izat ion 1. The f i r s t  column of C 

a s s o c i a t e d  with t h a t  mode becomes t h e  r e a l  p a r t  of t he  e igenvec tor  

element, and the  second column becomes the  imaginary p a r t .  

A disadvantage of t h i s  form is  t h a t  i n  the  l i m i t  as %+ 0 (i.e. 

Bk+ 0, a r i g i d  body m o d e ) ,  t he  A matrix ab rup t ly  changes form. This 

makes comparison of r e g u l a t o r  performance between a t r u t h  model wi th  

r i g i d  body modes and an i d e n t i f i e d  model with f requencies  a t  ( say )  .01 

rad/sec d i f f i c u l t  t o  i n t e r p r e t  because t h e  s t a t e  weights are d i f f e r e n t .  

r e a l  modes (e igenvalues= 

.5*b + 
B = odd rows of f i r s t  column a r e  0 and one element of every even 

T = t ransformat ion  descr ibed  i n  appendix B 

C = f u l l y  populated = H T-l 

row i s  1 ;  t he  rest i s  f u l l y  populated = T G 

- u = sane as iii 2 h ~ ; ~ l ~ ~ l  S y ~ . t ~ z  ; . s ? z ~  

Because ( e f f e c t i v e l y )  one column of B i s  t r i v i a l ,  t h i s  form has t h e  

same number of unknowns a s  Modal Parameter izat ions 1 and 2, with the  

normal iza t ion  a l r eady  included. In addi t ion ,  i f  t h e  mode shapes 

a r e  real (M'lK and M'lC i n  the  f i n i t e  element model a r e  d i agona l i zab le  

by the  same mat r ix )  then t h e  odd r o w s  of every column of B a r e  0. 

The disadvantage of t h i s  form is  t h a t  it is  more complicated t o  

implement than t h e  o t h e r  t w o  and there  i s  no simple way t o  recover  mode 

shapes.  It has t h e  conceptual  advantage of being i n  the  form used i n  

f i n i t e  element models. It i s  the  only one of t h e  t h r e e  forms which 

always has  some elements go t o  ze ro  when the  modes are real. 

2.2 Choosing an Algorithm 

The parameter iza t ion  used depends on the a lgor i thm chosen. Even 

with the  c l a s s  of models l i m i t e d  t o  l i n e a r  d i s c r e t e  time s t a t e  space, 
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t h e r e  a re  many a lgor i thms from which t o  choose. Most of t h e s e  can be 

e l imina ted  because they  are i n a p p r o p r i a t e  f o r  LSS i d e n t i f i c a t i o n :  

1. Use a r e c u r s i v e  (on - l ine )  a lgo r i thm 

As discussed  i n  t h e  i n t r o d u c t i o n ,  r e c u r s i v e  (on - l ine )  a lgo r i thms  

a re  p re fe r r ed  t o  ba t ch  ( o f f - l i n e )  a lgor i thms because d a t a  s t o r a g e  

requirements are much less and less powerful computers are r equ i r ed  f o r  

l a r g e  systems. Most ba t ch  a lgo r i thms  have a r e c u r s i v e  v e r s i o n  which 

has  asymptot ica l ly  t h e  same accuracy. Typica l ly ,  reasonably  good 

estimates a re  a v a i l a b l e  much more qu ick ly  wi th  a r e c u r s i v e  a lgor i thm.  

2. The a lgor i thm must work when a p p l i e d  t o  an o p e r a t i o n a l  LSS 

As discussed  i n  t h e  i n t r o d u c t i o n ,  LSS i d e n t i f i c a t i o n  w i l l  be 

performed on t h e  o p e r a t i o n a l  system. For t h e  low frequency modes of a 

LSS (per iods .on  t h e  o r d e r  of 6 seconds) ,  i d e n t i f i c a t i o n  can t ake  

s e v e r a l  minutes. Some c o n t r o l  a c t i o n  may be r e q u i r e d  du r ing  an 

i d e n t i f i c a t i o n  experiment, e s p e c i a l l y  i f  t h e  s t r u c t u r e  has  been e x c i t e d  

enough t o  a l low m o d a l  i d e n t i f i c a t i o n .  The technique  must a l low the 

supe rpos i t i on  o r  mixing of i n p u t s  good f o r  i d e n t i f i c a t i o n  and i n p u t s  

r equ i r ed  t o  keep t h e  s t r u c t u r e  s t a b i l i z e d .  Any technique ,  such as 

Ibrahim Time Domain1 o r  Eigensystem Rea l i za t ion '  6, which r e q u i r e s  

a system i n  f r e e  decay a f t e r  an i n i t i a l  e x c i t a t i o n ,  i s  n o t  a good 

choice f o r  o r b i t a l  t e s t i n g .  A t echnique  l i k e  Multi-Shaker S ine  

Dwell', which e x c i t e s  t h e  s t r u c t u r e  wi th  a pure s inuso id ,  i s  even 

more l i k e l y  t o  r e q u i r e  c o n t r o l  a c t i o n  (due t o  resonance) ,  and would be 

inappropr i a t e .  

3. U s e  a t i m e  domain technique 

Frequency domain techniques (such as Sine Dwell) i d e n t i f y  modes by 

inc reased  s t r u c t u r a l  response a t  t h e  modal frequency, making c l o s e l y  

spaced modes hard t o  separate. Time domain techniques  are preferred 

f o r  LSSs. 

The algorithms c o n s i s t e n t  wi th  t h e  above cho ices  are r e c u r s i v e  

least squares  (RLS) ,  r e c u r s i v e  maximum l i k e l i h o o d  (RML), r e c u r s i v e  

extended least  squa res  (RELS) ,  r e c u r s i v e  generalizGd least  squa res  

(RGLS) and t h e i r  v a r i a t i o n s .  All t h e s e  a lgor i thms s h a r e  t h e  
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c h a r a c t e r i s t i c  t h a t  t hey  d o n ' t  assume p ropor t iona l  damping i.e. the  

modes can be coupled through lumped dampers (as is  found i n  s t r u c t u r a l  

j o i n t s ) .  

used t o  e l i m i n a t e  a lgor i thms (as p ropor t iona l  damping models have 

worked w e l l  i n  t h e  pas t ) ,  b u t  it is c e r t a i n l y  d e s i r a b l e .  

This w a s  n o t  considered an  important enough proper ty  t o  be 

A l l  of  t hese  techniques apply t o  a system i n  t h e  form of 

pa rame te r i za t ion  3. Since some of the  techniques d i f f e r  i n  the  way t h e  

no i se  i s  handled, write parameter iza t ion  3 i n  t h e  form: 

where: A = matr ix  whose elements are polynomials i n  inve r se  powers of  

t h e  d i s c r e t e  t i m e  s h i f t  opera tor  q, wi th  lead ing  term 

a i j l  9-l 

B = matr ix  whose elements are polynomials s t a r t i n g  with b i j o  

C = matr ix  whose elements are polynomials s t a r t i n g  with 

l+c i j l  q-1 

l - td i j l  9-1 

D = matrix whose elements are polynomials s t a r t i n g  with 

. e ( t  1 = white  no i se  sequence - 

A * 
(2.2.1) 

(2.2.2) 

where 0 = matrix of unknowns being est imated,  arranged c o n s i s t e n t  

w i t h  t h e  elements of ji 
A A 

8 = i t h  row of mat r ix  8 -Ri 
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&= 
k . =  ga in  vec tor ,  one f o r  each of t h e  i o u t p u t s  

vec tor  of r eg res so r s  f o r  ou tpu t  i which depends on the  
a lgor i thm 

-1 

P . =  covariance matr ix  f o r  t h e  c o e f f i c i e n t s  a s s o c i a t e d  wi th  
1 output  i 

X ( t )  = f o r g e t t i n g  f a c t o r  ( O < A . . l ,  u s u a l l y  near  1 )  

V = var iance  of no i se  on t h e  i t h  sensor .  If unknown, it can be 
2 i 

es t imated  with V, ( t ) = V ,  ( t -1  ) + y ( t )  (E, ( t 1 - V :  ( t - 1  1 )  and 
L l. l. 

w i t h  y(-1 1 = l a r g e  ( u s e r  choice  1 y(t-1) 
y ( t - 1  ) + X ( t )  y ( t )  = 

J I .  = d e r i v a t i v e  ( o r  i t s  approximation) of t h e  e s t ima te  of ou tpu t  
-1 

dT[;, ( t )  1 
- I  - . Of t h e  
d e .  

i with respect t o  i t s  unknowns = 

algori thms presented i n  t h i s  section7lRELS and RGLS use an 

approximation f o r  t he  der ivat ive. .  

i = l  t o p  

To s impl i fy  the  summary of t he  a lgor i thms,  " c o e f f i c i e n t s  i n  A"  

w i l l  be used t o  i n d i c a t e  a matr ix  whose elements a r e  the  a i j k  of t he  

MIMO parameter iza t ion  3 form. The polynomial elements of t he  matr ix  A 

have been spread o u t  i n t o  a l a r g e r  matr ix  whose elements a r e  the  

c o e f f i c i e n t s  of t h e  polynomials. The l ead ing  "ones" i n  the  C and D 

matr ix  polynomials a r e  no t  included i n  t h e i r  expanded mat r ices .  For 

more d e t a i l ,  s ee  r e f .  20, Chap. 3. 

Recursive L e a s t  Squares (RLS ) 

Model: y ( t )  = A y ( t )  + B u ( t )  + - e ( t )  i.e. C=D=I - - - 

eT = [ c o e f f i c i e n t s  i n  A c o e f f i c i e n t s  i n  B ]  

Advantages: ( 1  1 Simplest  a lgori thm 

( 2  1 F a s t e s t  a lgori thm 

( 3 )  Not very s e n s i t i v e  t o  i n i t i a l  guess f o r  8 and P 
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Disadvantages:  ( 1 )  Estimate is  b iased  i f  C o r  D d i f f e r s  from I 

( 2 )  convergence is  usua l ly  slower than RML 

Recursive Maximum Likelihood (RML) 

I. Model: y ( t )  = A y ( t )  + B u ( t )  + C e ( t )  i.e. D = I  (same a s  RELS) 

c o e f f i c i e n t s  i n  C ]  

- - 
Q~ = [ c o e f f i c i e n t s  i n  A c o e f f i c i e n t s  i n  B 

Advantages: ( 1 1 Converges r ap id ly  near t h e  c o r r e c t  s o l u t i o n  

( 2 )  Estimate i s  unbiased f o r  C d i f f e r i n g  from I - -  - 
Disadvantages: ( 1 )  Ca lcu la t ing  C, wI yI  1, and w c o s t s  cyc le  t i m e  

( 2 )  May not  converge i f  i n i t i a l  guess f o r  A, B, and C 
- 

i s  poor 

11. Model: y ( t )  = A y ( t )  + B u ( t )  + D-’e(t)  i.e. C=I (same a s  RGLS) - - - - 

eT = [ c o e f f i c i e n t s  i n  A c o e f f i c i e n t s  i n  B c o e f f i c i e n t s  i n  D ]  

Advantages and disadvantages same as f o r  RML (I) with C replaced by D. 
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Recursive Extended Leas t  Squares (RELS 

Model: - y ( t )  = A - y ( t )  + B u ( t )  + C e(t) i .e .  D = I  (same a s  RML ( I ) )  

8 = same as RML (1) 

ji = same a s  RML (1) 

& = 4 i  

Advantages: (1 F a s t e r  than RML 

( 2 )  E s t i m a t e  is  unbiased f o r  C d i f f e r i n g  from I 

( 1 )  Ca lcu la t ing  C and w c o s t s  c y c l e  t i m e  

( 2 )  May no t  converge i f  i n i t i a l  guess f o r  A, B, and C 

Disadvantages: 

i s  poor 
\ 

( 3 )  Less l i k e l y  t o  converge than RML (depends on C )  

Recursive Generalized Least Squares (RGLS) . 
Model: y ( t )  = A - y ( t )  + B - u ( t )  + D - ' e ( t )  i.e. C = I  (same as RML (11)) - 

Advantages and disadvantages same as f o r  RELS wi th  C rep laced  by D. 

A l l  these s impl i fy  t o  RLS i f  t he  noise  is white  ( C = D = I ) ,  b u t  t h e  

noise  i s  a lmos t  c e r t a i n l y  c o r r e l a t e d .  Typica l ly ,  t he  measurement n o i s e  

f o r  a system i n  t he  form of parameter iza t ion  1 i s  c l o s e  t o  white.  

Transforming t o  parameter iza t ion  3 gives  C D - ~ = ( I - A )  o r  C=I-A, D=I. 

The no i se  i n  a real system would have t o  be c o r r e l a t e d  i n  a very 

s p e c i f i c  way t o  be white  i n  parameter iza t ion  3 form. RML(1) o r  RELS i s  

requi red  for  accu ra t e  e s t ima tes  when the  noise  l e v e l  is high. 

For the no i se  l e v e l s  considered i n  t h i s  t h e s i s  ( s i g n a l  t o  no i se  

r a t i o  - > l o o ) ,  RLS converged and gave accu ra t e  e s t ima tes .  

s i g n i f i c a n t l y  f a s t e r  than e i t h e r  RML or  RELS, RLS was chosen as the  

b e s t  technique f o r  LSSs . (More accu ra t e ly ,  an a l t e r n a t i v e  formulat ion 

of RLS, a s  descr ibed i n  s e c t i o n  2.4.) 

Since RLS i s  
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2.3 Inpu t s  

Choosing t h e  i n p u t  i s  d iscussed  i n  Chapter 4. During t h e  e a r l y  

work on examining i d e n t i f i c a t i o n  algori thms,  t he  i n p u t s  used were 

pseudo-random b ina ry  sequences (PRBSS) .  To make t h e  i n p u t s  as 

real is t ic  as possible, a superv isory  c o n t r o l  loop w a s  added so t h a t :  

1. If t h e  r i g i d  body v e l o c i t y  exceeds a deadband o r  t h e  r i g i d  

body p o s i t i o n  exceeds a deadband and t h e  r i g i d  body v e l o c i t y  

has  t h e  same s ign ,  a l l  i npu t s  f i r e  i n  t h e  same d i r e c t i o n  ( t h a t  

which decreases  t h e  r i g i d  body motion).  

2. I f  1 i s n ' t  i n  e f f e c t ,  and the  f l e x i b l e  component of any senso r  

exceeds a deadband, no inpu t s  f i r e .  

I t  i s  assumed t h a t  t h e  c o n t r o l l e r  has  p e r f e c t  knowledge of t h e  

r i g i d  body and f l e x i b l e  motion. 

A f t e r  adding t h e  superv isory  con t ro l ,  PRBSs became more d i f f i c u l t  

t o  use. Some PRBSs worked very w e l l ,  o t h e r s  d i d  not .  As discussed  i n  

Chapter 4, t h i s  i s  n o t  s u r p r i s i n g ,  bu t  w a s  d i f f i c u l t  t o  work with,  and 

emphasized the  importance of choosing good inpu t s .  

w e r e  achieved by us ing  an i n p u t  which cons i s t ed  of t h e  sum of s e v e r a l  

s i n u s o i d s  with a l i n e a r  decay envelope (see Chapter 4 ) .  To s imula t e  

modelling e r r o r ,  the  s inuso id  frequencies  w e r e  chosen t o  be n o t  too  

c l o s e  t o  t h e  t r u e  f requencies .  

Much b e t t e r  r e s u l t s  

2.4 LSS Algorithm (Recursive L a t t i c e  Least Squares ( R L L S ) )  

The implementation of t he  es t imat ion  equat ions  f o r  l e a s t  squares  

techniques  has  changed as ways of doing t h e  same c a l c u l a t i o n  more 

e f f i c i e n t l y  and/or accu ra t e ly  have been discovered.  Gauss' (c i rca  

1800) w a s  t h e  f i r s t  t o  use least  squares ( f o r  an o r b i t  de te rmina t ion  

problem). His technique i s  now re fe r r ed  t o  as ba tch  least squares .  

The Kalman f i l t e r  (circa 1960) was the f i r s t  r e c u r s i v e  vers ion ,  as w e l l  

as be ing  designed f o r  easy u s e  on computers. 

EQuations 2.2.1-4 are w r i t t e n  i n  t h e  Kalman f i l t e r  form. Equation 

2.2.3 !P equa t ion )  w a s  very s e n s i t i v e  t o  round-off e r r o r s  due t o  f i n i t e  

computer word l eng th ,  l ead ing  t o  t h e  development of a square  r o o t  

v e r s i o n  ( 1 963 1 and UDUT f a c t o r i z a t i o n  ( 1 974 1 3. UDUT 

f a c t o r i z a t i o n  i s  c u r r e n t l y  t h e  s tandard implementation of equat ion  

2.2.3, e l imina t ing  t h e  numerical  problem f o r  t h e  P matrix.  
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The l a t e s t  improvement, c a l l e d  a l a t t i c e  ( o r  l a d d e r )  f i l t e r ,  

a t t a c k s  2 problems, both impor tan t  f o r  LSSs:  cho ice  of system o r d e r  

and the number of computations r equ i r ed  per new d a t a  po in t .  Although 

RLLS has  been used some f o r  LSS i d e n t i f i ~ a t i o n ~ ~ ,  it i s  n o t  widely 

known o u t s i d e  speech and s i g n a l  process ing .  For those  un fami l i a r  wi th  

RLLS, t h e  next  few pages d e s c r i b e  t h e  a lgor i thm.  

Der iva t ion  

The motivation f o r  t h e  development of RLLS w a s  t o  o b t a i n  an 

a lgor i thm which d i d n ' t  require an a p r i o r i  cho ice  of system o r d e r  

( r e f .  N, p. 350). Consider t h e  RLLS v e r s i o n  of equa t ion  2.2.1: 

(2.4.1 1 

(2.4.2 ) 

where s u p e r s c r i p t  (n )=n th  o r d e r  model and s u b s c r i p t  n means n t h  o r d e r  

par t  (see equat ions  on nex t  page f o r  need f o r  t h i s  s u b s c r i p t ) .  Note 

t h a t  i n  equation 2.2.1 t h e  r e g r e s s o r  is  &(t) and i n  2.4.1 i t  i s  

& ( t - 1  1. This i s  because RLLS (as presented  i n  t h i s  t h e s i s )  does n o t  

a l low use of u ( t )  as a r e g r e s s o r  i.e. it assumes t h a t  D ( i n  - - -  y=Cx+Du) i s  

zero.  For LSSs ,  t h i s  is no problem u n l e s s  un- in tegra ted  acce lerometer  

d a t a  is being used. In t h a t  case, u ( t )  has  t o  be  delayed one t i m e  s tep  

so t h a t  u ( t )  i s  l abe led  - u( t -1  1. 

o r d e r  by one and would r e q u i r e  modifying t h e  equa t ions  t o  recover t h e  

ARMA c o e f f i c i e n t s  so t h a t  h a l f  t h e  c o e f f i c i e n t s  are n o t  s h i f t e d  one 

o rde r .  In the rest  of t h i s  t h e s i s ,  t h e  D mat r ix  i s  assumed t o  be zero .  

- 

This would i n c r e a s e  t h e  i d e n t i f i e r  - 

I n  genera l ,  t h e  r e g r e s s o r s  y ( t )  and - u ( t )  are c o r r e l a t e d  wi th  t h e i r  

va lues  a t  o t h e r  times : 
- 

where ~ ( t - 1 )  is  t h e  uncor re l a t ed  (o r thogona l )  part  of [yT( t-n-1 1 

- uT(t-n-1 )IT. men:  
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Since y ̂ ("+')(t) = j(")(t) + (new information from adding n+l terms): 

Thus, f o r  RLS, i n c r e a s i n g  system o rde r  changes t h e  estimates of a l l  t h e  

parameters, n o t  j u s t  t h e  a d d i t i o n a l  ones. Inc reas ing  t h e  system o rde r  

r e q u i r e s  r e s t a r t i n g  t h e  i d e n t i f i c a t i o n .  

In  RLLS, t h e  r e g r e s s o r s  r ( t )  descr ibed  above are used i n  the 

i d e n t i f i c a t i o n  instead nf x(t 1 and 11 (+! ~ R ~ P ~ ~ ~ ~ ~  ef ~ r ~ ~ - ; = - - : ~ ~ y  

prope r ty ,  parameters are i d e n t i f i e d  one o rde r  a t  a t i m e  i n s t e a d  of one 

i n p u t s  must be rep laced  by r a s  w e l l  as t h e  ou tpu t s . )  Because RLLS 

replaces t h e  i n p u t s  with or thogonal  r eg res so r s ,  it r e q u i r e s  a 

r e g r e s s i v e  model of t h e  i n p u t s  as w e l l  a s  t h e  ou tpu t s .  Thus, RLLS 

i d e n t i f i e s  more unknowns than RLS, although the a d d i t i o n a l  parameters 

a re  n o t  d i r e c t l y  r equ i r ed  t o  r econs t ruc t  the  unknown system. 

- 
- 

The RLLS equa t ions  can be de r ived  e i t h e r  as an  or thogonal  

p r o j e c t i o n  of [y  - ( t )  - u ( t ) I T  on *(t) o r  a t r ans fo rma t ion  of coord ina te s  

(see Appendix A). These equa t ions  are l i s t e d  i n  F igure  2.401.  

T T 

Extension of Der iva t ion  

Four modi f ica t ions  make t h i s  algorithm easier to  use  and less 

complex : 
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( 1  1 The equa t ions  i n  F igure  2.4.1 assume t h a t  t h e  s t a t e  v a r i a b l e s ,  

i n p u t s ,  and ou tpu t s  have been normalized so  t h a t  t h e  measurement no i se  

h a s  var iance  one f o r  a l l  s enso r s .  Inc luding  t h e  va r i ance  e x p l i c i t l y  

permits us ing  va r i ance  = 0 t o  check t h a t  t h e  equa t ions  are working 

p rope r ly .  (When t h e r e  i s  no no i se  and t h e  RLLS n o i s e  va r i ance  

parameter y i s  set  t o  zero ,  t h e  i d e n t i f i e r  converges t o  t h e  t r u e  system 

e x a c t l y ,  i n  a f i n i t e  number of steps.)  It a l s o  a l lows  t h i s  scalar 

parameter t o  be va r i ed  t o  a d j u s t  t h e  convergence ra te  o f  t h e  i d e n t i f i e r  

f o r  best performance. In t h e  examples i n  t h i s  t h e s i s ,  t h e  b e s t  

performance w a s  f o r  t h e  va r i ance  t o  be se t  t o  about  100 t i m e s  t h e  t r u e  

var iance .  The s t a t e  v a r i a b l e s  have been normalized so t h a t  t h e  t r u e  

no i se  var iance  i s  t h e  same f o r  a l l  ou tpu t s .  

-1 * *-1 

i nve r s ions ,  s av ing  computation t i m e  f o r  systems wi th  m (=number of 

i n p u t s )  + p (=number of o u t p u t s )  > 3 (see Figure  2.4.3). 

( 2 )  Defining P = Rn and P = R e l i m i n a t e s  two ma t r ix  n n n 

* 
I f  P and P are used: 

( 3 )  The parameter F, which i s  an in t e rmed ia t e  parameter used i n  
n n 

t h e  s tandard  form of t h e  a lgor i thm (see Figure  2.4.1 1, can be 

e l imina ted ,  s av ing  computation t i m e .  
T * 

n n ( 4 )  A UDU formula t ion  f o r  P and P can be used, i n c r e a s i n g  

numerical s t a b i l i t y .  This c o s t s  computation t i m e ,  b u t  t h e  improvement 

i n  numerical s t a b i l i t y  i s  u s u a l l y  necessary  f o r  good a lgor i thm 

performance. 

The detai ls  of i n c o r p o r a t i n g  t h e s e  t h r e e  changes i n t o  t h e  equa t ions  are 

given i n  Appendix A. The r e s u l t i n g  equa t ions  are l i s t e d  i n  Figure 

2.4.2. A comparison of the number of m u l t i p l i c a t i o n s  r equ i r ed  f o r  t h e  

s t anda rd  and modified a lgor i thms i s  presented  i n  F igure  2.4.3. The 

sav ings  i n  computation t i m e  f o r  t y p i c a l  LSS models i s  s u b s t a n t i a l .  
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I n i t i a l i z a t i o n :  Fn (0 )  = 0 

Rn(-1) = Rn*(0) = small  I 

Bo(t)  = 1 

Each new measurement: 

For n=O, e * . ,  M-1: 

e ( t )  = %(t) = hT(t) xT(t)IT 
-0 

R n ( t - l )  = ARn(t-2) + ~ ( t - l )  5 T ( t - l ) / B  ( t )  
n 

where, for  x ( t )  = G ( t )  &(t-1):  - 

Figure  2.4.1: R U S  Equations as Presented i n  the L i t e r a t u r e  
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* 
I n i t i a l i z a t i o n :  K ( 0 )  = Kn(0)  = 0 

P ( -1 )  = P n ( 0 )  = large I 

yo ( t  ) = XV, where X = f o r g e t t i n g  factor  

n 

n 

n=O+M-1 * 

V = measurement n o i s e  var iance  

Each new measurement: 

For  n=O + M-1:  

K , ( t )  = K n ( t - l )  + [e ( t )  - Kn(t-l  1 ~ ~ ( t - 1  IlkT - -n 
1 T 

P ( t - 1 )  = - X {I - - k -n r ( t - l ) } P n ( t - 2 )  

( 2 . 4 . 4 )  

n 
* 

* Pn ( t - 1 )  e+(t) 
* k =  - 

-TI e T ( t )  P n ( t - l )  %(t)  + y n ( t )  

(2.4.5) * * *T 

* 1 * T  * 
n 

K , ( t )  = K:(t-l) + [ & ( t - l )  - K n ( t - l )  -n e ( t ) ] k  - 
P ( t )  = s;[I - k e ( t ) ]  P n ( t - l )  -n - 

F o r  n#M-1: 

To recover 

G 

RLS c o e f f i c i e n t s  ( x ( t )  - = G ( t )  Act -1) ) :  

(2.4.6) 

(2.4.7 1 

(2.4.8) 

F i g u r e  2.4.2: A l t e r n a t e  Form of RLLS Equat ions  
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I I 

c 

NUMBER CIF INPUTS + NUMBER OF OUTPUTS 

F i g u r e  2.4.3: Comparison of Number of M u l t i p l i c a t i o n s  Required for 
S tandard  and Modified RLLS 
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Corre la ted  N o i s e  

RLLS has  t h e  same problem with c o r r e l a t e d  no i se  as RLS i .e.  t h e  

estimates are  b iased  f o r  c o r r e l a t e d  noise .  -tended l ea s t  squares  c a n  

be used i n  a l a t t i ce  f i l t e r  (called RLELS) t o  e l i m i n a t e  t h e  bias j u s t  

a s  it is  u s e d  i n  RLS, wi th  Ay - + Bu - rep laced  by Kr_. Equations 2.4.4-9 

are unchanged i n  form, b u t  t h e i r  dimension i s  inc reased  because t h e  

e r r o r  estimates s(t) are added t o  the  r eg res so r s .  

o r d e r  i s  rearranged t o  a l low c a l c u l a t i o n  of s(t): 

The execut ion  

Each new measurement: 

EJt) = y ( t ) / y o ( t )  

For n = 0 + M-1:  

%+I ( t )  = €J(t) - Ic,(t-l )rJ.Jt-1 ) / y n ( t )  

Do P n ( t - l )  equat ion from equat ions  (2 .4 .4 )  

Do equat ion  (2 .4.8)  ( the  y n + l ( t )  equa t ion )  

Do equat ions  (2 .4 .4 ) - (2 .4 .7 )  and (2 .4.91,  wi th  P n ( t - l )  
equa t ion  from equat ions  (2 .4.4)  dele-ted.  

Evaluat ing Performance 

Because of t h e  l a r g e  number of parameters  involved,  measuring t h e  

accuracy  of an i d e n t i f i c a t i o n  i s  d i f f i c u l t .  In a d d i t i o n ,  t h e  two b a s i c  

purposes of an i d e n t i f i c a t i o n  have s l i g h t l y  d i f f e r e n t  goa ls .  The 

model lers  need t o  know where the  l a r g e s t  e r r o r s  i n  the  model are, an 

i n d i c a t i o n  of  where the  modelling assumptions are most i n  e r r o r .  The 

u s e r s  need t o  know how w e l l  a c o n t r o l l e r  based on the  i d e n t i f e d  model 

w i l l  perform with the real  system. 

Comparing the numerical  va lues  of the  i d e n t i f i e d  parameters  i n  the 

RLLS model is n o t  u s e f u l  f o r  e i ther  group. It i s  impossible  t o  t e l l  

how s i g n i f i c a n t  e r r o r s  i n  a s i n g l e  parameter are, o r  whether e r r o r s  i n  

t w o  parameters tend t o  cance l  each o t h e r  ou t .  The approach used here 

i s  t o  take the i d e n t i f i e d  system, conve r t  i t  t o  modal form, and use the  

r e s u l t  i n  a simple c o n t r o l  system. The modal form is  w e l l  s u i t e d  t o  

r evea l ing  i d e n t i f i e r  e r r o r s  i n  t h e  model, and comparing the performance 

us ing  a simple c o n t r o l  system r e v e a l s  h o w  important  t h e  i d e n t i f i e r  

e r r o r s  a re  i n  degrading system performance. The procedure is: 
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( 4 )  

(5) 

(7) 

( 8 )  

Transform t h e  RLLS model t o  a RLS (ARMAX) model. 

Transform t h e  RLS model t o  continuous t i m e .  

Transform t o  Modal Parameter izat ion 2 form. The 

modes a r e  now decoupled. 

Perform an e igen  a n a l y s i s  on the system matr ix  t o  recover  

the  i d e n t i f i e d  eigenvalues  ( f requencies  and damping 

r a t i o s ) .  Compare with the  known c o r r e c t  values .  

Recover t h e  i d e n t i f i e d  mode shapes from t h e  C matr ix .  

Compare wi th  t h e  known c o r r e c t  values .  

I f  any r i g i d  body modes were i d e n t i f i e d  a s  low 

frequency f l e x i b l e  modes, transform them t o  Modal 

Parameter izat ion 3 form. (Since t h e  modes are decoupled 

t h i s  can be done without  transforming the  o t h e r  modes.) 

This s t e p  is  requi red  t o  insure  t h a t  a s  t he  frequency of 

such modes approach 0, t he  form of t h e  system matr ix  w i l l  

approach a r i g i d  body mode. 

Transform t o  d i s c r e t e  t i m e  using the  s t e p  s i z e  f o r  t he  

c o n t r o l  s.ystem. 

U s e  t he  i d e n t i f i e d  system t o  genera te  a s t eady  s t a t e  l i n e a r  

quadra t i c  r e g u l a t o r  with s teady s t a t e  Kalman f i l t e r  

observer .  Run the  known t r u e  system with t h i s  i d e n t i f i e d  

r e g u l a t o r + f i l t e r  and look a t  the  LSS t r a n s i e n t  response,  

c losed  loop poles ,  and standard d e v i a t i o n  of t h e  s teady  

s t a t e  e r r o r s .  Compare w i t h  r e s u l t s  f o r  t he  t r u e  system. 

N o t e  t h a t  t he  i d e n t i f i e d  and t r u e  cases  use the  same 

weighting and covariance matr ices  t o  des ign  t h e  r e g u l a t o r  

and f i l t e r  and the same A, B, and C matrices t o  c a l c u l a t e  

t he  t r u e  s t a t e  ( those  f o r  the t r u e  system).  They use  

d i f f e r e n t  ga ins  and d i f f e r e n t  A, B, and C mat r ices  t o  

propagate t h e  s t a t e .  

Present ing  t h e  f requencies ,  damping r a t i o s ,  mode shapes,  and 

r e g u l a t o r  performance i s  unnecessary for  every example. In  gene ra l ,  

t he  more accu ra t e  t h e  i d e n t i f i c a t i o n ,  t h e  c l o s e r  a l l  t hese  measures are 

t o  c o r r e c t .  For b r e v i t y ,  comparison between d a t a  runs w i l l  be done by 

comparing i d e n t i f i e d  f requencies .  Examination of a s i n g l e  run ' s  

accuracy w i l l  inc lude  a l l  t h e  measures. 
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Figures  2.4.4-12 examine t h e  performance of RLLS on an 8 mass 

s l i n k y .  The SNR used t o  gene ra t e  t h i s  d a t a ,  averaged over t h e  

s e n s o r s ,  was about 100. F igures  2.4.4 and 2.4.5 show t h e  t i m e  h i s t o r y  

of t h e  two i n p u t s  (on masses 1 and 5 ) .  Figure 2.4.6 shows the 

i d e n t i f i e d  f requencies .  The e r r o r  is  2% o r  less f o r  a l l  modes. F igure  

2.4.7 shows t h e  i d e n t i f i e d  damping r a t i o s .  The percentage e r r o r  i s  

large (318%) because the damping ra t ios  are so small ,  b u t  t h e  a b s o l u t e  

magnitude of the e r r o r  is small (wors t  e r r o r  w a s  .024). Figure 2.4.8 

compares the  real pa r t  of t h e  i d e n t i f i e d  and t r u e  mode shapes a t  t h e  

f o u r  masses where t h e r e  were senso r s  (1 ,3 ,5 ,  and 7 ) .  Figure 2.4.9 

shows t h e  same comparison f o r  t h e  imaginary p a r t  (which w a s  z e r o  f o r  

t h e  t r u e  modes). F igure  2.4.10 compares t h e  r e g u l a t o r  commanded i n p u t s  

f o r  the t rue  and i d e n t i f i e d  systems. The t r u e  i n p u t s  use ga ins  

determined us ing  the t r u e  system, and t h e  s ta tes  are e s t ima ted  u s i n g  

t h e  t r u e  system. The i d e n t i f i e d  system uses  t h e  i d e n t i f i e d  system t o  

c a l c u l a t e  ga ins  and propagate states, but  t h e  exact s t a t e  i s  ob ta ined  

by applying the  commanded i n p u t s  t o  t h e  t r u e  system. F igure  2.4.11 

compares t h e  ou tpu t s  f o r  t h e  t r u e  and i d e n t i f i e d  sys tem+regula tor+  

f i l t e r .  Figure 2.4.12 compares t h e  c losed  loop  p o l e s  and s t anda rd  

d e v i a t i o n  of t h e  s t e a d y  s t a t e  e r r o r s  f o r  t h e  t r u e  and i d e n t i f i e d  

systems. A l l  t h e s e  f i g u r e s  i n d i c a t e  t h a t  RLLS works very  w e l l .  

Figure 2.4.13 compares t h e  performance of RLLS, RLELS wi th  

f o r g e t t i n g  f a c t o r = l ,  and RLELS wi th  f o r g e t t i n g  factor=.98. For a l l  

modes, RLELS w a s  a s  good o r  b e t t e r  than RLLS, b u t  t h e  improvement w a s  

s l i g h t .  The d i f f e r e n c e  i n  f o r g e t t i n g  f a c t o r  w a s  n o t  s i g n i f i c a n t .  

As demonstrated i n  t h e  prev ious  pages, RLLS i s  a good b a s e l i n e  

a lgo r i thm f o r  i d e n t i f y i n g  a LSS. S ince  it is  r e c u r s i v e ,  t h e  d a t a  

s t o r a g e  requirements a r e  n o t  l a rge .  It requires no specif ic  type  o f  

i n p u t s ,  so a c o n t r o l l e r  running i n  paral le l  wi th  t h e  i d e n t i f i c a t i o n  

experiment t o  s t a b i l i z e  t h e  s t r u c t u r e  does n o t  i n t e r f e r e .  The 

r e s u l t i n g  i d e n t i f i e d  model is u s e f u l  both f o r  v e r i f y i n g  a f i n i t e  

e lement  model and f o r  use i n  a l i n e a r ,  d i s c r e t e  t i m e  c o n t r o l  system. 

A ver s ion  exis ts  (RLELS) which provides  unbiased estimates f o r  

c o r r e l a t e d  no i se ,  i f  t h e  e x t r a  accuracy is d e s i r e d  over f a s t e r  c y c l e  

times. The e r r o r s  i n  frequency and damping r a t i o  i n  t h e  i d e n t i f i e r  are 

acceptab le  f o r  reasonable  run t i m e s  (F igures  2.4.6 and 7 ) .  
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where T = time+20 so t h a t  the  terms don't  a l l  start a t  a peak 

STEP NUMBER (TIME1 

Figure 2.4.4: Input from Actuator 1 During I d e n t i f i c a t i o n  Run 
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I n p u t  2 = - . ~ 2 5 * ~ 0 ~ ( . 4 3 ~ ) + . 0 7 4 * ~ 0 ~ ( . 8 4 ~ ) + . 1 5 l * C 0 ~ ( ~ 9 9 ~ ~ + ~ 1 1 3 * ~ O S ~ l ~ ~ 8 ~ ~ +  
. ~ ~ ~ * ~ ~ ~ ( 1 . 5 4 ~ ) + . 1 4 4 * ~ 0 ~ ( 1 . 7 9 ~ ) + . 1 2 2 * ~ 0 ~ ~ 1 ~ 9 4 ~ ~  

where T = time+20 so t h a t  the terms d o n ' t  a l l  s t a r t  a t  a peak 

STEP NUMBER (TIME) 

F i g u r e  2.4.5: Inpu t  from Ac tua to r  2 During I d e n t i f i c a t i o n  Run 
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- identified frequencies 
-- true frequencies 

2.00 

1.75 

1.50 

1.25 

1.00 

.750 

_ . . . . . . . . . . . . . . . . . .  

_ _ _  

0.001 I I I I 

50.0 100. 150. 200. 250 - 3 

STEP NUMBER (=TIME1 

3. 

Fiqure 2.4.6: Identified Frequencies for 8 Mass Slinky 
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T 

53 
Y 

changing l i n e s  are i d e n t i f i e d  damping r a t i o s  
s t r a i g h t  t r u e  I1  I1 I1 

- f l e x  mode 1 from F igure  2.4.5 
2 
3 I@ 

-- 5 In 

I1 I1 I1 I1  

11 11 I1  I1 
-- -- 

I1 I1 4 I1 I1 I1 

I1 I1 7 I1  I1 I1 

-- 
I t  I1 I1 I1 

I1 I1 I1 I1 6 --- _---  

STEP NUMBER (TIME1 

Figure  2.4.7: I d e n t i f i e d  Damping Ra t ios  f o r  8 Mass S l inky  
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- . . . . . . . . . . . . . . . . . . . . . . .  

- - . . . . . .  . . . . . . . . .  
- 

--..._ 

- i d e n t i f i e d  mode shapes 

-- t r u e  mode shapes - 

* 
W 
0- 
I m 
a 

LL 
0 
L 

a a 
0- 
-I 
CI: 
W 
LT 

I I I I 1 I 

- _ _  - .  . . . . . . . .  . . . . . .  

I 

I 
. . . . . . .  

I 

I 

~~~ 

. . . . . . . . . . . . . . . . . . . . . . .  t .- 
1 2 3 4 

SENSOR. NUMBER 

Figure 2.4.8: I d e n t i f i e d  Mode Shapes f o r  8 Miss S l i n k y  

* I n t e g e r s  are mode number; d e f l e c t i o n s  about  0 f o r  each i n t e g e r  
are t h e  mode shape 
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- i d e n t i f i e d  mode shapes 

_ _  t r u e  mode shapes 

7 
* w e 
U 

m I 6 
W 
0 
r 

E> 
LL 5 

1 

I I 1 I I 

- 

2 3 4 

SENSOR NUMBER 

Figure 2.4.9: Imaginary P a r t  of I d e n t i f i e d  Mode Shapes 
f o r  8 Mass Sl inky  

*In tegers  are mode number; d e f l e c t i o n s  about  0 for  each i n t e g e r  
a re  t h e  mode shape 
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- inputs  using i d e n t i f i e d  system 
I1 I1 true I1 -- 

=I 

STEP NUMBER (TIMExlOl 

Figure 2.4.10: Control History for I d e n t i f i e d  Closed h o p  System 

f o r  8 Mass Slinky 
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- outputs  u s i n g  i d e n t i f i e d  system 
II II true  II -- 

,250 I 1 I I I 

STEP NUMBER ITIMEnlO) 

Figure 2.4.11 : Outputs for I d e n t i f i e d  Closed mop System 

f o r  8 Mass Sl inky 
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True 
I d e n t i f i e d  

True 
I d e n t i f i e d  

True 
I d e n t i f i e d  

l'i ue 
I d e n t i f i e d  

True 
I d e n t i f i e d  

True 
I d e n t i f i e d  

Freq. Damp. F/R1 
R a t i o  

0.266 .699 R 
0.270 -672 

0.605 e530 F 
0.581 0555 

1.112 0028 R 
1.116 -016 

1.415 -022 R 
1.430 -104 

1.848 -019 R 
1.847 e018 

1.962 -022 R 
1.961 0021 

E'req. Damp. F/R 
R a t i o  

0.407 -237 R 
0.408 -226 

0.768 -080 R 
0.771 -052 

1.168 -145 F 
1.146 e166 

1.648 .077 F 
1.661 -016 

1.848 -043 F 
1.871 e053 

Freq. Damp. F/R 
R a t i o  

0.51 5 
0.548 

0.903 
0.896 

1 385 
1.41 8 

1.663 
1.688 

1.954 
1 958 

0439 F 
m466 

-375 F 
361 

.IO7 F 
,012 

.021 R 

.082 

.054 F 

.056 

'F/R: F means f i l t e r  p o l e ,  R means r e g u l a t o r  pole. 
system, t h e  p o l e s  d o n ' t  s e p a r a t e  so t h i s  c a n n o t  be de termined  d i r e c t l y .  

For t h e  i d e n t i f i e d  

( a )  Closed loop p o l e s  f o r  s t e a d y  s ta te  f i l t e r  and r e g u l a t o r  . 

True 
I d e n t i f i e d  

True 
I d e n t i f i e d  

True 
Id e n t i  f i e d  

Modal S t a t e  Steady State  E r r o r s  

X V X V X V 

-0152 a0036 .0114 .0120 .0095 .0095 
-0152 -0036 -0114 -0120 .0107 .0108 

e0078 -0078 .0058 .0058 -0040 -0040 
.0101 .0101 -0071 .0072 .0044 -0044 

.0019 .0019 .0033 .0033 
00019 .0019 .0033 ,0033 

~~ 

(b) Standard  d e v i a t i o n  of s t e a d y  s ta te  e r r o r s  

F igu re  2.4.1 2: Closed Loop Poles  and Steady  State E r r o r  S tanda rd  
Dev ia t ions  f o r  I d e n t i f i e d  Closed M o p  System f o r  8 Mass S l i n k y  
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- -  t r u e  frequencies - RLLS estimates - - RLELS, f o r g e t t i n g  f a c t o r = l  _- - -  =.98 II I1 

2.00 I I I I 1 

0.001 "-- .- . .  --,_ - - - - ._ 
100. 150. 200. 250. 300. 50.0 

STEP NUMBER (TIME) 

F i g u r e  2.4.1 3: C o m p a r i s o n  of P e r f o r m a n c e  of RLLS and RLELS 
f o r  8 Mass S l i n k y  



Chapter 3: Computational Cons idera t ions  

L 

Equation 2.2.2 + 2.2.3 2.2.4 Tota l  

Mu 1 ti p l i  e s 

Divides Zap P (2a+i lp 

2 P-(3a 2 +gal 
2 

g ( 3 a  +7a-2) 2 

P- ( 3a  +5a) 2 aP 2 

2 2 
Add/Subtrac t e ( 3 a  2 +3a-2) 2 aP 

L 

Chapter 2 descr ibed  the  RLLS algorithm i n  general .  This chap te r  

examines t h e  two computational c h a r a c t e r i s t i c s  which make it 

p a r t i c u l a r l y  a t t r a c t i v e  f o r  LSSs: cycle  t i m e  and o rde r  recurs ion .  In 

s e c t i o n  3.1, t hese  are explored f o r  the opt imal  RLLS algori thm 

presented  i n  Chapter 2. 

As i l l u s t r a t e d  i n  Figure 3.1.3, RLLS has a lower cyc le  t i m e  t han  

RLS f o r  t he  l a r g e  numbers of i d e n t i f i e d  parameters t y p i c a l  of LSSs. 

Even so, t he  RLLS cyc le  t i m e  grows rap id ly  with t h e  number of 

parameters.  For a minimal i d e n t i f i e r  (no e r r o r  checking and no 

monitoring of t he  i d e n t i f i e d  modes o r  choice of system o r d e r ) ,  t h e  

measured cyc le  t i m e  was 15 milliseconds.. This l i m i t s  real- t ime 

process ing  t o  f requencies  lower than about 3.Hz even i f  t h e  computer i s  

dedica ted  t o  i d e n t i f i c a t i o n ,  t h e  i d e n t i f i e r  i s  minimal ,  only 8 modes 

a r e  being i d e n t i f i e d ,  and t h e  computer i s  a s  f a s t  a s  a VAX 11/782. 

Sec t ion  3.2 d i scusses  how t h i s  cycle  time can be reduced with no 

loss of accuracy by p a r a l l e l  processing. Sect ion 3.3 desc r ibes  a 

suboptimal RLLS algori thm which t r ades  o f f  decreased cyc le  t i m e  f o r  

increased  t o t a l  number of cyc les  and/or decreased accuracy. 

3.1 Computational C h a r a c t e r i s t i c s  of RLLS 

Cvcle t i m e  

For RLS, there w i l l  be p s e t s  of equat ions 2.2.1-4, one f o r  each 

output .  Each set  w i l l  estimate a unknowns. (For a system with N 

s t a t e s ,  m i npu t s ,  p ou tputs ,  and vi=N/p, ai = a = Vi(p+m) = 

N(l+m/p). I f  the D mat r ix  w e r e  non-zero, a would equal  N(l+m/p) + m.) 

The number of c a l c u l a t i o n s  requi red  for  a l l  p equat ions  is: 
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Equation Mu1 t i p l i e s  Divides 

M(2U+l) 

M (  2a+ l )  

7 2 - M(a +a) 
2 
7 2 - M(a +a) 2 

2 .4 .4  

2 .4 .5  

2 .4 .6  + 2(M-1 ) a  - 2 

2.4. 7 
1 3 2  -(M-l ( a  +9a +2a+6) 6 

1 3 7  2 
-(M-1 ) a  5 ( 3 M - 1  ) a  + 

-( 221-1 ) a  
3 

- 2 .4 .8  

2M(2a+l) T o t a l  
6 1  

The cyc le  t i m e  i s  l i m i t e d  by the  number of m u l t i p l i e s ,  which goes 

Addpub t rac  t 

1 2 3 M(7a +3a-2) 

1 2 - M (  7a +3a-2) 2 

2(M-1) ( a  +a)  

1 3 2  
- ( M - I  1 ( a  +6a +5a+6) 6 

1 3 2 -(M-l )a +(10M-3)a i 

-( 35M-1 7 1 a-bl-1 6 

2 

6 1  

Table 2: Computations Required f o r  UDUT Version of RLLS 

The expressions f o r  t he  number of c a l c u l a t i o n s  f o r  equat ion  2.4.4 (and 

2 .4 .5 )  a re  d i f f e r e n t  from those i n  the  To ta l  column i n  Table 1 because 

K (and Kn) a r e  a x a  matr ices  while  6 i s  a l x a  vector .  (Note t h a t  

even i f  t h e  express ions  were the  same, the  a c t u a l  numbers would be 

d i f f e r e n t  because a i n  Table 1 i s  d i f f e r e n t  from a i n  Table 2 . )  The 

* A 

n Ri 

number of c a l c u l a t i o n s  f o r  equat ion 2.4 .8  is  high because the  P matrix 
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3 i s  n o t  au tomat i ca l ly  a v a i l a b l e  when using the  UDUT equat ions .  

c o n t r i b u t i o n  comes from performing U t i m e s  D t i m e s  UT. 

The a 

Using RLELS re u i r e s  l a 3  + (M+I i a 2  + (n + ?)a + 1 m u l t i p l i c a t i o n s ,  6 3 6 3  2 1 M d i v i s i o n s ,  and + (11 + z ) a  + (M + T ) a  + 2p + 1 add/subt rac t  more 6 
than RLLS, and a is  increased  t o  m+2p i n s t e a d  of m+p f o r  U S .  

Figure 3.1.1 is a comparison of the number of m u l t i p l i e s  f o r  RLLS, 

RLELS, and RLS us ing  the express ions  from Tables 1 and 2. For these  

curves ,  v i  w a s  assumed to  equal  N / p  and t h a t  t h e r e  is  no D matrix.  

For N (number of s t a t e s  i n  model) la rge ,  both abso lu te ly  and r e l a t i v e  

t o  p (number of ou tpu t s )  and m (number of i n p u t s ) ,  RLLS is  f a s t e r  than 

RLS (even though i t  es t ima tes  more parameters) . RLELS i s  s u b s t a n t i a l l y  

slower than RLLS. It is  f a s t e r  than RLS f o r  l a r g e  systems, although 

t h e  c rossover  is  a t  much l a r g e r  system s i z e s  than  f o r  RLLS. Whether 

t h i s  t i m e  pena l ty  i s  worth the  ga in  i n  accuracy w i l l  depend on the  

a p p l i c a t i o n ,  e s p e c i a l l y  on the  amount of no i se  i n  the  system. 

Figure 3.1.2 shows the  p red ic t ed  cyc le  times f o r  t he  same cases. 

The times a r e  f o r  double p rec i s ion  a r i t hme t i c  on a VAX 11/782 (5.3 p s e c  

f o r  a mult ip ly ,  8.5 psec for  a d iv ide ,  and 4.1 psec f o r  an add/ 

s u b t r a c t ) .  (NOTE: These numbers a r e  f o r  double p r e c i s i o n  ope ra t ions  

involv ing  elements of 2 dimensional arrays.  The numbers f o r  scalar 

double p r e c i s i o n  ope ra t ions  are 3.6, 6.7, and 2.3 r e spec t ive ly .  1 

Comparing these  two f i g u r e s  shows t h a t  even though cyc le  t i m e  w i l l  vary 

wi th  machine, count ing the  number of mul t ip l i ca t ions  i s  a good measure 

of r e l a t i v e  performance of RLLS and RLS. 

Table 3 lists the  number of c a l c u l a t i o n s  and p red ic t ed  cyc le  t imes 

f o r  systems with 6 o r  fewer outputs  for  even l a r g e r  systems. To 

minimize the  t a b l e  s i z e ,  only systems which have no more a c t u a t o r s  than 

sensors  are considered. The t a b l e  a l so  assumes t h a t  t he  number of 

s t a t e s  i s  evenly d i v i s i b l e  by the  number of ou tpu t s  and t h a t  only 

systems with an even number of s t a t e s  a r e  of i n t e r e s t .  For each 

combination of m and p, t w o  e n t r i e s  a re  included: e i t h e r  t he  two va lues  

of N where t h e  crossover  from ?.LS b e i n g  f a s t e r  t o  ?.US being f a s t e r  

occurs ,  o r  t h e  lowest t w o  values  of N. (Note t h a t  t h e  assumption of N 

even means t h a t  when p i s  odd, only every o t h e r  evenly d i v i s i b l e  N i s  
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CYCLE 
MULT D I V  ADD (MSEC) 

1 
1 
1 
1 
2 
2 
1 
1 
2 
2 
3 
3 
1 
1 
2 
2 
3 
3 
4 
4 
1 
1 
2 
2 
3 
3 
4 
4 
5 
5 
1 
1 
2 
2 
3 
3 
4 
4 
5 
5 
6 
6 

2.53 
7.86 
3.37 
0.79 
4.33 
4.16 
5.39 

17.99 
13.49 
47.25 
17.70 
63.02 
22.49 
81.05 
27.83 
01.33 
33.74 
23.86 

6.49 
21.24 

8.09 
26.98 

9.86 
33.40 
11.80 
40.49 
13.91 
48.26 
16.18 

1 
1 
2 
2 
2 
2 
3 
3 
3 
3 
3 
3 
4 
4 
4 
4 
4 
4 
4 
4 
5 
5 
5 
5 
5 
5 
5 
5 
5 
5 
6 
6 
6 
6 
6 
6 
6 
6 
6 
6 
6 
6 

210 
530 
294 
752 '  
392 

1015 
504 

1320 
752 

1668 
1015 
2261 
1320 
2952 
1668 
3744 
2060 
4640 

392 
1015 

504 
1320 

630 
1668 

770 
2060 

924 
2497 
1092 

RLS RLLS I 

456 
690 
324 
54 0 
540 
91 2 
396 

1368 
585 

2070 
81 0 

291 6 
240 
780 
324 

1080 
42 0 

1428 
528 

1824 
1350 
4860 
1785 
651 0 
2280 
8400 
2835 

10530 
3450 

12900 
630 

21 42 
792 

2736 
972 

3402 
11 70 
41 40 
1386 
4950. 
1620 
5832 

33 439 
41 669 
38 304 
50 514 
50 514 
66 878 
51 369 
99 1317 
63 552 
23 2007 
75 771 
47 2841 
44 216 
84 736 
52 296 

100 1028 
60 388 

116 1368 
68 492 

132 1756 
125 1285 
245 4735 
145 1710 
285 6365 
165 2195 
325 8235 
185 2740 
365 10345 
205 3345 
405 12695 

90 582 
174 2052 
102 738 
198 2634 
114 912 
222 3288 
126 1104 
246 4014 
138 1314 
270 4812 
150 1542 
294 5682 

4.50 
6.75 
3.29 
5.39 
5.39 
8.99 
4.04 

13.49 
5.90 

20.24 
8.09 

28.35 

448 80 
564 100 
326 42 
447 56 
556 54 
764 72 
348 36 
764 72 
530 44 

1170 88 
752 52 

~ 1668 104 

396 
50 0 
292 
403 
50 8 
701 
31 5 
701 
487 

1085 
698 

1558 
22 188 
44 487 
26 268 
52 698 
30 362 
60 949 
34 470 
68 1241 
52 698 
04 1558 
60 949 
20 2123 
68 1241 
36 2783 
76 1575 
52 3541 
84 1952 
68 4400 
30 362 
60 949 
34 470 
68 1241 
38 592 
76 1575 
42 728 
84 1952 
46 878 
92 2373 
50 1042 

56.701 2980 100 2839 

4.68 
5.89 
3.28 
4.50 
5.49 
7.54 
3.44 
7.54 
5.18 

11.40 
7.29 

16.11 

5.18 
2.88 
7.29 
3.82 

4.89 
12.66 

7.29 
16.11- 

9.78 
21.71 
12.66 
28.21 
15.94 
35.65 
19.64 
44.06 

3.82 
9.78 
4.89 

12.66 
6.09 

15.94 
7.42 

19.64 

23.75 
10.48 
28.28 

2.07 

9.78 

8.89 

RLELS 

CYCLE 
(MSEC ) 

10.51 
13.18 

9.70 
13.10 
13.72 
18.54 
12.02 
25.02 
15.65 
32.57 
19.81 
41.23 

9.11 
19.82 
11.28 
24.53 
13.71 
29.82 
16.43 
35; 70 
29.83 
62.04 
35.71 
74.26 
42.20 
87.73 
49.32 
02.51 
57.09 
18.62 
19.44 
42.21 
22.74 
49.33 
26.34 
57.10 
30.25 
65.54 
34.49 
74.66 
39.06 
84.49 

T a b l e  3: C o m p a r i s o n  of Predicted C y c l e  T i m e s  f o r  RLLS and RLS 
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cons idered . )  For p l a r g e r  than 2, RLLS is f a s t e r  than RLS s t a r t i n g  

with t h e  lowest  value of N considered,  and the  discrepancy grows a s  N 

i n c r e a s e s  . 
To v e r i f y  the  accuracy of t h e  formulas i n  Tables 1 and 2, f i g u r e  

3.1.3 shows p red ic t ed  cyc le  times VS. measured cyc le  times f o r  1 i n p u t ,  

2 outputs .  For t h e  measured t i m e s ,  the  program w a s  t i m e d  wi th  t h e  

i d e n t i f i c a t i o n  algori thm subrout ine  replaced by a n u l l  subrout ine .  

This t i m e  w a s  sub t r ac t ed  from the  runs with the  i d e n t i f i e r  t o  minimize 

t h e  amount of overhead t i m e  included i n  t h e  measurements. (Typical  

va lues  w e r e  6 . 3  CPU s e c  f o r  i n i t i a l i z a t i o n  and f i n a l  p r i n t - o u t  and 3 . 3  

CPU mi l l i second p e r  cyc le  t o  genera te  data and c a l l  t h e  subrout ines . )  

The a c t u a l  performance i s  about 1.5 times slower than p red ic t ed ,  which 

is as close as could be expected. 

conver t ing  from LLS c o e f f i c i e n t s  t o  LS c o e f f i c i e n t s  ( f o r  RLLS) o r  any 

e igenana lys i s  t o  check t h e  i d e n t i f i e d  frequencies .  

These times do n o t  i nc lude  

Recursive -by-Order Property 

The second c h a r a c t e r i s t i c  of RLLS (RLELS) which i s  advantageous 

f o r  LSSs is  choice of model s i z e .  Unlike many i d e n t i f i c a t i o n  

algori thms,  RLLS i s  w e l l  behaved i f  the model s i z e  is chosen t o  be 

larqsr than the  t r u e  system. Thus, i f  a mode is  underexci ted so t h a t  

it disappears  from the  d a t a ,  t he  i d e n t i f i e r  w i l l  n o t  have numerical 

problems. 

Because equat ions 2.4.4-9 a r e  performed one order  a t  a t ime, t h e  

e s t i m a t e s  f o r  low o rde r s  a r e  t h e o r e t i c a l l y  and i n  p r a c t i c e  unaf fec ted  

by t h e  estimates f o r  h igher  orders .  "Low o rde r s "  r e f e r s  t o  t h e  

parameter e s t ima tes  obtained from assuming a low system order .  These 

e s t ima tes  a r e  cor rupted  by t h e  presence of unmodelled h igher  o r d e r s  and 

do n o t  correspond t o  t h e  low order  p a r t  of t he  complete system. In 
* 

o t h e r  words, K (K") of equat ion 2.4.4 (2 .4 .5 )  i s  unaf fec ted  by t h e  
0 0  * * 

es t ima te  of K1, -.., KM-l (K1,  0.- JM-1) 
This means t h a t  t h e  o n l y  decis ion requi red  f o r  RLLS is t h e  maximum 

i d e n t i f i e r  o rde r  t o  be considered. If the maximum i d e n t i f i e r  order  i s  

I O  (g iv ing  a system order  of l o p ) ,  then ~8 ( K ~ * I  is e x a c t l y  t he  same 
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Figure 3 .1 .3:  Predicted vs. Measured Cycle Times  
for FILLS and RLS 
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a s  i f  t h e  maximum i d e n t i f i e r  order  had been chosen t o  be 9. So, t he  

es t imated  system f o r  a l l  lower i d e n t i f i e r  o rde r s  can be recovered. For 

RLS, only  the  es t imated  system corresponding t o  t h e  maximum order  is  

recovered. Note t h a t  t h i s  i s  no t  exac t ly  t r u e  f o r  RLELS. The es t ima te  

of t h e  e r r o r  - ~ ( t )  depends on the  maximum i d e n t i f i e r  order .  Since Z ( t )  
a f f e c t s  t he  estimates of a l l  orders ,  the lower order  systems can s t i l l  

be recovered, b u t  they w i l l  vary with the maximum i d e n t i f i e r  order  t o  

some e x t e n t .  

Figure 3.1.4 shows how t h i s  works. In Figure 3.1.4, t h e  dashed 

l i n e s  a r e  t h e  c o r r e c t  f requencies  for the 6 modes ( t h e r e  is a r i g i d  

body mode a t  0 f requency)  of a 6 mass s l inky .  The e x a c t  i d e n t i f i e r  

o rde r  i s  a l s o  6 ( 1 2  s t a t e s  d iv ided  between 2 . p o s i t i o n  senso r s ,  one on 

mass 1 and one on 5 ) .  The assumed maximum i d e n t i f i e r  o rde r  w a s  9. 

These r e s u l t s  a r e  a f t e r  300 s t e p s  and a SNR of 85. Spurious modes 

f i t t e d  t o  the  noise  appear f o r  o rde r s  above 6, b u t  t he  t r u e  modes 

p e r s i s t .  For low noise  l e v e l s ,  t h i s  c h a r a c t e r i s t i c  can be used t o  

i d e n t i f y  t h e  system order  -- t he  frequency e s t ima tes  s t a b i l i z e  ab rup t ly  

a t  t h e  c o r r e c t  system order .  The n o i s i e r  t h e  system, the  harder  t h i s  

is  t o  judge. For a noise  f r e e  system, t h e  i d e n t i f i e r  converges t o  the  

t r u e  system e x a c t l y  i n  a f i n i t e  number of steps. 

Figure 3.1.5 demonstrates t h i s  pers is tence-of-correct-frequency 

e f f e c t ,  f o r  a 9 mass s l i n k y ,  even when t h e  t r u e  system order  changes 

du r ing  an i d e n t i f i c a t i o n .  The middle mode ( a t  1.2856 rad /sec)  i s  

de le t ed  a t  step 100, causing i t s  est imate  t o  d r i f t .  Note t h a t  it 

d r i f t s  r i g h t  through the  p e r s i s t i n g  modes with only  temporary 

d i s tu rbances  to  t h e i r  e s t ima tes .  (SNR=20 f o r  t h i s  graph. 1 

As demonstrated i n  the  previous pages, RLLS has  computational 

advantages over o t h e r  a lgori thms which are important  when i d e n t i f y i n g  a 

LSS s p e c i f i c a l l y .  LSS models have so many parameters t h a t  t he  lower 

cyc le  t i m e  f o r  l a r g e  models of RLLS i s  important  (see Figure 3.1.2 and 

Table 3 ) .  Also, t he  i d e n t i f i e r  i s  not degraded by choosing a model 

whicn i s  i a r g e r  than the  a c t u a l  system o r  by modes which a r e  

temporar i ly  underexci ted making the  sys t em ‘appear smaller than it i s  

(F igure  2.4.16). 
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Figure  3.1.4: I d e n t i f i e d  Frequencies  vs. I d e n t i f i e r  Order 
f o r  6 Mass S l i n k y  
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P a r a l l e l  Process ing  

The recursive-by-order proper ty  makes RLLS i d e a l l y  s u i t e d  t o  

p a r a l l e l  processing.  m u a t i o n s  2.-4.4-8 a r e  performed once f o r  each 

order .  Each order  needs e(t), L(t-1) and y ( t )  from t h e  nex t  lower 

o rde r ,  which i s  a t o t a l  of 2a+l va r i ab le s .  Most of t h e  v a r i a b l e s  (&, 
K, P, - k , K , and P , a t o t a l  of 4a +2a) are n o t  passed between 

o rde r s .  Thus, t he  d a t a  t ransmission requirements  a r e  n o t  l a rge .  

* *  * 2 

The only change t o  the  algori thm i s  t h a t  t h e  computations would 

have t o  be s taggered  i n  t i m e .  

%( t )  has been computed, so they c a n ' t  be c a l c u l a t e d  i n  p a r a l l e l  

du r ing  the same cycle .  For example, suppose the  i d e n t i f i e r  i s  

es t imat ing  3 o rde r s ,  with 3 processors  working i n  parallel .  The i n p u t s  

and outputs  a r e  shown i n  Figure 3.1.6a. 

s + l ( t )  is  n o t  a v a i l a b l e  u n t i l  a f t e r  

Recovering the  parameters i n  G( ( t  1 r e q u i r e s  K2  ( t 1 ,  which 

won't  be a v a i l a b l e  u n t i l  t i m e  t+2 .  The i d e n t i f i c a t i o n  w i l l  be delayed 

as many t i m e  s t e p s  a s  processors .  This i s  balanced by a decrease  i n  

c y c l e  time by a f a c t o r  which equals  t h e  number of processors  i f  t h e  

i d e n t i f i e r  order  is d i v i s i b l e  by t h a t  number; s l i g h t l y  less decrease  i f  

no t .  With t h i s  approach, t h e r e  i s  no loss of accuracy (un l ike  the  

technique d iscussed  i n  t h e  next  s e c t i o n ) .  

Recovering G(")  ( t )  r e q u i r e s  execut ion of equat ions  2.4.9, which 

are  n o t  required f o r  the  processing shown i n  Figure 3.1.6a. E i the r  the 

K and K* being est imated by each processor  needs t o  be s e n t  t o  some 

o t h e r  processor  p e r i o d i c a l l y ,  o r  t he  c a l c u l a t i o n s  can be included i n  

t he  p a r a l l e l  p rocessors ,  b u t  no t  executed every cyc le .  This l a t t e r  

approach is i l l u s t r a t e d  i n  Figure 3.1.6b. Note t h a t  t h i s  r e q u i r e s  

p e r i o d i c  t ransmission of G and H between processors ,  i nc reas ing  t h e  

d a t a  t ransmission requirements . 
Again, t h e r e  is  no loss of accuracy b u t  the  i d e n t i f i e r  ou tput  i s  

delayed. 
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A t  t i m e  t: 

x ( t )  - .  

--I Processor  3 

I estimates 

yp( t -1)  

No Parameter Recovery 

A t  t i m e  t: 

x ( t )  

Processor  1 
i 

I 
I estimates 

C - 
4 

y1 ( t - 1 )  

Processor 2 Processor  3 

estimates hold 1 

npir-2; d1lG I *  K g ( t - 1 )  

ho ld  1 

hold 1 
c y c l e  

---I--- 

(b) W i t h  Parameter Recovery 

Figure 3.1.6: RLLS P a r a l l e l  Processing with Parameter Recovery 
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3.2 Suboptimal, Low Cycle Time RLLS 

The p a r a l l e l  p rocess ing  technique presented  i n  Sec t ion  3.1 has  one 

The i d e a  explored  major drawback--it r e q u i r e s  more than one processor .  

i n  t h i s  s e c t i o n  is: Suppose you have only  1 processor .  How much 

accuracy  do  you l o s e  i f  you approximate para l le l  p rocess ing  by ( u s i n g  

t h e  example from Figure 3.1.6) running t h e  block of sof tware  f o r  

Processor 1 f o r  awhile,  f r e e z i n g  t h e  va lues  of K o ( t ) ,  K o ( t ) ,  G ( ' ) ( t )  

and H ( ' ) ( t ) ,  then  running the sof tware  f o r  p rocesso r  2 f o r  awhile,  

etc.? The c y c l e  t i m e  is  s l i g h t l y  h ighe r  than  f o r  para l le l  p rocess ing ,  

because the e(t), r(t), and y ( t )  are s t i l l  genera ted  f o r  t h e  lower 

o r d e r s ,  but on ly  1 processor  is r equ i r ed  and t h e r e  are no between- 

processor  d a t a  t ransmiss ion  requirements.  

accuracy caused by f r e e z i n g  low o r d e r s  and i n  t h e  extended t o t a l  number 

of cyc le s  caused by t h e  serial process ing .  

extended by t h e  same f a c t o r  as t h e  c y c l e  t i m e  i s  decreased .  1 

* 

The p e n a l t y  i s  i n  reduced 

(The number of c y c l e s  i s  

This procedure i s  l i s t e d  i n  F igure  3.2.1. To see how this d i f f e r s  

from t h e  opt imal  RLLS a lgor i thm,  compare it w i t h  t h a t  given i n  F igure  

2.4.2. As i n d i c a t e d  by t h e  parameters LO and H I  i n  F igure  3.2.1, each 

block of sof tware  may estimate any number of i d e n t i f i e r  o r d e r s .  

No n o i s e  case :  

I f  there i s  no measurement no i se  and t h e  no i se  va r i ance  parameter 

V ( t )  i n  the RLLS i d e n t i f i e r  is  se t  t o  zero ,  then t h e  i d e n t i f i e r  w i l l  

converge e x a c t l y  t o  t h e  t r u e  system i n  a f i n i t e  number of s t e p s .  I f  

t h e  number of c y c l e s  per block of i d e n t i f i e r  o r d e r s  i s  g r e a t e r  than  

t h a t  number, the suboptimal i d e n t i f i e r  w i l l  a l s o  converge exac t ly .  The 

r educ t ion  i n  cyc le  t i m e  is  acheived wi th  no loss i n  i d e n t i f i e r  

accuracy. 

NOTE: In t h e  case of a RLLS i d e n t i f i e r ,  " exac t ly"  means one of a 

s e t  of s o l u t i o n s ,  a l l . o f  which g i v e  t h e  same ARMAX form. The matrices 

K and K correspond t o  an i d e n t i f i e d  system which r e q u i r e s  only  one 

i d e n t i f i e r  o rde r .  If t h e  real  system is  b igge r  than  t h a t ,  t h e r e  i s  no 

s i n g l e  c o r r e c t  value of K and K . m e n  i n  t h e  no no i se  case, their  

i d e n t i f i e d  va lues  w i l l  depend on t h e  i n p u t  sequence. Every d a t a  run 

* 
0 0 

* 
0 0 
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I. I n i t i a l i z a t i o n :  As i n  F i g u r e  2.4.2 

T T 
11. Each new neasurement:  e ( t )  =r(t) = hT(t) ( t ) ]  

-0 

A. For  n=O, ..., LO-1: 

Pn(t-2)  rJt-1) B. For n= LO + H I :  

rn k =  - 

* * Pn ( t - 1 )  e(t) 
rn * k =  - 

L -Ti 
K * ( t )  n = K n ( t - l )  + r ( t - 1 )  - K:(t-l) e (t)k*T 
P n ( t )  * = ~ [ 1  1 - k * T  e n ( t ) l  P:(t-l 1 - 

For nfHI: 

111. To recover RLS c o e f f i c i e n t s  ( x ( t )  = G ( t )  A c t - 1 ) ) :  - 
For n = LO -c H I :  

where : LO= i *M/NBLOCK 
H I  = ( i + l  )*M/NBLOCK - 1 
i = l a r g e s t  i n t e g e r  i n  NCYCLES*NBLOCK/NSTEPS 
NCYCLES = number of c y c l e s  i d e n t i f i e r  h a s  e x e c u t e d  so f a r  
N B L E K  = number of b l o c k s  i d e n t i f i e r  o r d e r s  d i v i d e d  i n t o  
NSTEPS = t o t a l  number of c y c l e s  t h e  i d e n t i f i e r  w i l l  be r u n  

F i g u r e  3.2.1: Simulated P a r a l l e l  P r o c e s s i n g  w i t h  RLLS 
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w i l l  produce t h e  same G ( n )  and H ( " )  (see equa t ions  2.4.9) f o r  n 

e q u a l  t o  the  t r u e  system s i z e ,  b u t  the K s  and K*s w i l l  vary.  Thus, 

" exac t ly"  means t h a t  t h e  t r u e  system t r a n s f e r  f u n c t i o n  is  recovered 

when t h e  assumed system s i z e  equa l s  t h e  t r u e  system s i z e .  

Noise case: 

In  r e a l  systems, t h e r e  is  always no i se .  The more no i se ,  t h e  more 

e r r o r  caused by us ing  t h e  suboptimal i d e n t i f i e r .  F igures  3.2.2-8 

show t h e  r e s u l t s  of u s ing  t h e  suboptimal i d e n t i f i e r  on the example 

examined i n  Figures 2.4.6-1 2. The suboptimal i d e n t i f i e r  r equ i r ed  

one-quar te r  as many computations per step as t h e  opt imal  RLLS 

i d e n t i f i e r .  

Comparing the suboptimal r e s u l t s  t o  t h e  opt imal  r e s u l t s  shows : 

( 1 )  l a r g e s t  frequency e r r o r  is 4% (vs .  2%) ;  ('2) l a r g e s t  damping r a t i o  

e r r o r  i s  872% o r  .14 (VS. 318% o r  .024); ( 3 )  s t anda rd  d e v i a t i o n  of 

s t e a d y  state s t a t e  i s  .0019 t o  .025 (vs .  .0019 t o  .015 f o r  t h e  op t ima l  

and exact cases).  

N o t e  t h a t  t h e  maximum decrease  i n  number of computations per s t ep  

i s  l imi t ed  to  a f a c t o r  equal  t o  t h e  maximum i d e n t i f i e r  order .  For SNRs 

i n  t h e  range of 100, a f a c t o r  of f o u r  i s  probably t h e  most which can  

b e  expected. The l i m i t  on computation dec rease  f a c t o r  i s  n o t  t h e  

amount of e r r o r  in t roduced  by t h e  subop t ima l i ty  with each decrease  i n  

number of computations, b u t  t h e  maximum i d e n t i f i e r  o r d e r  which s t i l l  

g i v e s  good estimates by t h e  opt imal  i d e n t i f i e r .  This i n  t u r n  depends 

on t h e  SNR and t h e  d i f f i c u l t y  of t h e  i d e n t i f i c a t i o n  (spacing of modes, 

placement of a c t u a t o r s  and s e n s o r s ) .  For t h e  8 mass s l i n k y  example 

examined here ,  t h e  r e s u l t i n g  e r r o r  i s  about  t w i c e  that  of t h e  opt imal  

i d e n t i f i e r ,  which i s  s t i l l  adequate f o r  recover ing  a u s e f u l  system 

model . 
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Figure 3.2.2: Suboptimal Identified Frequencies 
for 8 Mass Slinky 
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Figure  3.2.4: Suboptimal I d e n t i f i e d  Mode Shapes 
f o r  8 Mass Sl inky  

*Integers are mode number; d e f l e c t i o n s  abou t  0 f o r  each i n t e g e r  
are t h e  mode shape 
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Figure 3.2.5: Imaginary P a r t  of Suboptimal I d e n t i f i e d  Mode Shapes 
f o r  8 Mass S l inky  

* I n t e g e r s  are  mode number; d e f l e c t i o n s  a b o u t  0 f o r  each  i n t e g e r  
a r e  t h e  mode shape  
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- inputs  using i d e n t i f i e d  system 

IO n true IO -- 

3 

STEP NUMBER (TIMEslOI 

Figure 3 .2 .6:  Control His tory  for Suboptimal I d e n t i f i e d  Closed 
Loop System f o r  8 Mass Slinky 
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- outputs  us ing  i d e n t i f i e d  system 
I1 I1 t rue  II -- 

STEP NUMBER (TIMExlOl 

Figure 3 .2 .7:  Outputs for  Suboptimal I d e n t i f i e d  Closed 
Loop System f o r  8 Mass S l inky  
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'F/R: F means f i l t e r  pole, R means r egu la to r  pole .  
system, t h e  poles d o n ' t  s e p a r a t e  so this cannot  be determined d i r e c t l y .  

For the  i d e n t i f i e d  

( a )  Closed loop po le s  f o r  s teady  s ta te  f i l t e r  and r egu la to r  

(b) Standard dev ia t ion  of s t eady  s t a t e  e r r o r s  

Figure 3.2.8: Closed Loop Poles and Steady S t a t e  Error  Standard 
Deviat ions f o r  Suboptimal I d e n t i f i e d  Closed Loop System 

f o r  8 Mass Sl inky 
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Chapter 4: Inputs  t o  Enhance I d e n t i f i c a t i o n  

4.1 In t roduc t ion  

Once t h e  i d e n t i f i c a t i o n  a lgor i thm has  been chosen, t h e  n e x t  s t ep  

i s  to  choose t h e  i n p u t  ( c o n t r o l )  sequence. The necessary  and 

s u f f i c i e n t  cond i t ion  on t h e  i n p u t  i s  t h a t  i t  be " p e r s i s t e n t l y  e x c i t i n g  

and s u f f i c i e n t l y  r ich ."  A formal d e f i n i t i o n  of t h e s e  terms can be 

found i n  ref. 14, pages 42 and 70. H e u r i s t i c a l l y ,  t h e  i n p u t  must be 

s i g n i f i c a n t l y  non-zero du r ing  t h e  experiment and must have c o n t e n t  a t  

as leas t  a s  many f r equenc ie s  as t h e  system be ing  i d e n t i f i e d .  This 

l e a v e s  many choices  f o r  an input--step,  p u l s e ,  pseudo-random b i n a r y  

sequence (PRBS), sum of s i n u s o i d s ,  o r  some less common func t ion .  Some 

i d e n t i f i c a t i o n  a lgor i thms r e q u i r e  s p e c i f i c  i n p u t s  e.g. eigensystem 

r e a l i z a t i o n  r e q u i r e s  pulses16. Many do no t ,  'such as l e a s t  squares  

f i l t e r s .  

This chap te r  p r e s e n t s  an a lgor i thm f o r  c a l c u l a t i n g  an op t ima l  

i n p u t  f o r  an unspec i f i ed  i d e n t i f i e r  and applies it t o  an example 

system. me a lgor i thm w a s  suggested by e a r l i e r  work by Kalaba & 

S p i n g a r n l 7 t l 8  and Mehra21, b u t  apply ing  it t o  LSSs permi t ted  a 

v a r i a t i o n  on t h e  approach suggested i n  t h e i r  papers which i s  easier and 

f a s t e r  t o  u s e .  Fu r the r ,  it w a s  extended t o  cons ide r  two problems of 

p a r t i c u l a r  i n t e r e s t  f o r  LSS a p p l i c a t i o n s  -- very l i g h t  damping and 

c l o s e l y  spaced f requencies .  

4.2 Figure of Merit 

There are two basic t h e o r e t i c a l  approaches t o  des ign ing  op t ima l  

inputs--frequency domain and t i m e  domain. S ince  experiment times f o r  a 

l i g h t l y  damped s t r u c t u r e  are t y p i c a l l y  much less than  t h e  t i m e  r equ i r ed  

t o  reach  s i n u s o i d a l  s t e a d y s t a t e ,  t i m e  domain approaches are more 

appropr i a t e  f o r  LSSs . 
The "bes t"  i n p u t  t o  use would be that  which g i v e s  a minimum 

experimental  var iance  f o r  estimates of t h e  parameters be ing  i d e n t i f i e d  

a f t e r  an experiment of d u r a t i o n  T. However, t h i s  cho ice  causes  t h e  

opt imal  input  t o  depend on the  i d e n t i f i c a t i o n  a lgor i thm,  l i m i t i n g  i t s  

usefu lness .  Also, t h i s  would be a complex problem t o  s o l v e ,  g iv ing  
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r e s u l t s  which might be too parameter dependent t o  apply i n  a r e a l  

s i t u a t i o n ,  and providing l i t t l e  in s igh t .  

To avoid t h e  problem of i d e n t i f i c a t i o n  algori thm dependency, 

select J t o  be the  s e n s i t i v i t y  of t h e  output  t o  t h e  parameter(s1 of 

i n t e r e s t .  Maximizing t h e  s e n s i t i v i t y  should make a parameter easier t o  

determine. Since e s t ima te  var iances  a t  T depend on a l l  t h e  d a t a  from 

t i m e  0 t o  T, choose: 

T r  
J (  C k lTl 1 d t  

1 J = -  

2 i = l  i a i ‘i 
(4.2.1 ) 

where : 

y = output  

hi= p a r t i a l  d e r i v a t i v e  of y w i t h  respect t o  a i  

a i  = parameter of i n t e r e s t  

k i  = r e l a t i v e  weighting when seve ra l  parameters a r e  being 

- 

es t imated  

This choice f o r  J has a more t h e o r e t i c a l  j u s t i f i c a t i o n  than t h a t  

g iven  above. 

measurement noise ,  J would equal  t he  t r a c e  of t h e  information 

matrix21. 

m ; l + r i u  arm t h e  Cramer-Rao lower bounds on the  var iances  of t he  

estimates. The inve r se  of t he  t r a c e  of t he  information matr ix  and t h e  

t r a c e  of t he  inve r se  have s i m i l a r  asymptotic behavior1,  so maximizing 

J should decrease the  var iance  of t he  e s t ima tes .  

If the  k i  equa l led  the  inverse of t h e  var iance  of t he  

The d iagonal  elements of t h e  i nve r se  of t h e  information 

The J of equat ion  4.2.1 cannot  be used t o  c a l c u l a t e  opt imal  i n p u t s  

because it grows a s  the  magnitude of the i n p u t  grows, g iv ing  an answer  

of input==. Some c o n s t r a i n t  must be p u t  on the  i n p u t  t o  g e t  a usable  

answer. One of t h ree  c o n s t r a i n t s  i s  most l i k e l y  t o  appear i n  p r a c t i c e :  

1 . On-off i n p u t  i.e. 

2. Avai lable  inpu t  is l imi t ed  i .e.  

3. Input  usage needs t o  be minimized i.e. I u 2  d t  <= f ixed  

1.1 = f ixed  

1.1 <= f ixed  
T 

0 

Flex ib le  LSSs are almost c e r t a i n  t o  have p ropor t iona l  a c t u a t o r s  

f o r  good c o n t r o l  of t he  f l e x i b l e  motion. These a c t u a t o r s  w i l l  be 
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l i m i t e d  i n  t h e  maximum amount of t o rque / fo rce  they  can provide.  This 

makes choice 2 t h e  most real is t ic .  Using t h a t  i n  an op t ima l  c o n t r o l  

a lgor i thm i s  n o t  on ly  d i f f i c u l t  b u t  w i l l  probably produce bang-bang 

t r a j e c t o r i e s ,  as i f  you had s e l e c t e d  choice  1. These may be  d i f f i c u l t  

t o  implement on a p r o p o r t i o n a l  a c t u a t o r .  

Because of t h e  d i f f i c u l t y  of u s ing  c o n s t r a i n t  2, t h e  i n i t i a l  

i n v e s t i g a t i o n  used c o n s t r a i n t  3. S ince  this gave good r e s u l t s ,  t h e  

c o n s t r a i n t  2 case w a s  n o t  c a r e f u l l y  s t u d i e d  and might be a good area 

f o r  f u t u r e  work. 

So, the problem s t a t emen t  w a s  changed t o :  

V 

m 

s u b j e c t  to :  1 7 uT u d t  ='E - -  
2 O  

(4.2.3 1 

Note t h a t  c o n s t r a i n t  (4.2.3) f o r c e s  t h e  i n p u t  t o  be non-zero i.e. 

"do nothing" is  n o t  an a l lowable  s o l u t i o n .  

4.3 Necessary ( F i r s t  Order) Conditions 

The possible s o l u t i o n s  are given by apply ing  t h e  Pontryagin 

maximum p r i n c i p l e .  For a LSS, t h e  parameters of i n t e r e s t  are 

s t r u c t u r a l  f r equenc ie s ,  damping r a t i o s ,  and mode shapes ,  so t h e  s t a t e  

equat ions  are w r i t t e n  i n  modal form: 

. x =  - 

1 
-25 w 

0 0  

0 . 

0 . .  

0 .  

. . . 

. o  

. .  

0 
2 
n- 1 --w 

0 

. 
0 

1 

- 
2'n-1 w n- 1 1 

X - + (4.3.1 1 
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h , m '  

unknown elements i n  C w i l l  be discussed i n  s e c t i o n  4.8.  

The a .  are w o O  -, wnLl C o r  Cnrlb2, I . ,b  1 

. augmented s t a t e  the  s t a t e  equations become : 

A 

A 
Aa 
A ' 0  

2 a 
e 

Aa 
e 

r 
. 

0 

e 
e 

e . A 

or : 

= FC + Gu - - - 
[& 1 = HA 

i 

The case  of 

Defining the  

( 4 . 3 . 5 )  

( 4 . 3 . 6 )  

(403 .7)  
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k I  0 

0 *. 

1 P  

Define an  a d d i t i o n a l  state xo and weight ing mat r ix  K, where: 

w i t h  I k pxp i d e n t i t y  mat r ix  
P 

- T wi th  x o ( 0 )  = 0 ,  xo(T) = 2E xo - "E 
-I 

K =  

The boundary cond i t ions  on 3 are t h e  i n i t i a l  cond i t ions  on 5 and 

zai(0)=O - ( s i n c e  - x ( 0 )  i s  f i x e d ) .  

Co l l ec t ing  t h e s e  equat ions ,  t h e  problem is  : 

The t e rmina l  s t a t e  i s  f r e e .  

T 
l A  T T  

J = - -  H K H S )  d t  2 -  over u 0 
Minimize : 

Subject  to:  = FC + Gu - - - 
T $ =  

B.C.s: g(0) = [~rl 0 v v  

x0(O) = 0 
xo(T)  = 2E 

Solv ing  t h i s :  

A 1 T T  T 
Hamiltonian = r = - - 5 H KHS + XT(Fg + G u )  + u u 

0-- - - -  - 2 -  

. 
= o  ar = - -  

0 

GTX - =  ar O = X G + 2 X u ; : =  T - 1  - 
2A0 

- 0- - au 

(4.3.8) 

(4.3.9) 

(4.3.1 0 )  

(4.3.11 1 

(4.3.12) 
(4.3.1 3) 

(4.3.14) 
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Solving the Xo equat ions  : 

Combining t h e s e  equat ions ,  t h e  s o l u t i o n  is: 

- 1  T u =  - G X  
. 2v - - 

A T  T - I GG Xdt = 2E 
4v2 0 

- - 

(4.3.16) 

(4.3.17) 

Two s o l u t i o n s  t o  t h i s  two p o i n t  boundary v a l u e  problem were 
_ -  .- 

proposed: one by Kalaba & Spingarn l ' f  l o  and one by Mehra". 

approach i n  ref. 1 7  and 18  works only  f o r  ~ ( 0 ) f O ;  t h a t  i n  ref .  21 only  

f o r  - x(O)=i. Both r e q u i r e  numerical  i n t e g r a t i o n .  The numerical 

i n t e g r a t i o n  l i m i t s  the accuracy of t h e  s o l u t i o n  and r e q u i r e s  long 

computer runs f o r  experiment times longer than a few seconds. 

'fie 

"his t h e s i s  uses  a t h i r d  approach which t a k e s  advantage of t h e  

uncoupled modes model of a LSS. This approach replaces t h e  numerical  

i n t e g r a t i o n  wi th  an  e i g e n s o l u t i o n  and w i l l  work f o r  e i t h e r  x(O)=O or 

- x(0)ZO. - Assume a s o l u t i o n  of t h e  form: 

(4.3.18). 
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4 =  

eigenvalues  of F '  (see equat ion  4.3.15) 

normalized e igenvec tors  of F '  

cons t an t  chosen t o  meet t h e  boundary 

B5t cond i t ions  of equat ion  4.3. 

matrix whose columns are e 

column vec tor  whose elements are yi .  

1 

i 

Solving f o r  0 and 1 as s t a t e d  involves  i n v e r t i n g  a r a t h e r  l a r g e  

mat r ix  and computing independent e igenvec tors  f o r  repea ted  eigen- 

values .  Solu t ions  t o  these  two problems a r e  d iscussed  i n  s e c t i o n  

4.10. 

is : 

The procedure f o r  f ind ing  0 and - y i f  t h e  above were easy  t o  do 

1 )  Choose v (see s t e p  4 and comment 2 ) .  Cons t ruc t  F '  

(equat ion  4.3.15 1. 

2 )  Find t h e  eigenvalues  and e igenvec tors  of F ' .  

3 )  Evaluate t h e  rows of 0 (eq. 4.3.18) corresponding t o  elements 

of 3 (1.e. rows 1 t o  2n x ( r + l  1 )  a t  t = O .  Evaluate the  r e s t  of 

t he  rows a t  t=T.  C a l l  t h i s  mat r ix  4,. 

x(O)=O, v was chosen so t h a t  4 =O. Solve f o r  t h e  elements 

of - y i n  terms of one of i ts  elements.  The amplitude of t h a t  

element is  chosen t o  s a t i s f y  equat ion  4.3.1 7. 

- - I 4 

Comment 1: As descr ibed  i n  s t e p  (41 ,  t h e  algori thm i s  a f f e c t e d  b y  

whether or no t  x(O)=O, b u t  t he  v a r i a t i o n  is  a minor p a r t  of t h e  

algori thm. 
- - 

Comment 2: To g e t  an opt imal  i n p u t  f o r  an experiment where T i s  

s p e c i f i e d  w i l l  r e q u i r e  i t e r a t i n g  through s t e p s  1-4. Pick a value of v 

and: i t e r a t e  on the  value of T u n t i l  14cI=0 i f  - x(O)=O; - o r  ( 2 )  

eva lua te  equation 4.3.17 i f  x(O)#O. I f  T (x(O)=O) o r  E (x(O)fO) - - i s  

wrong, t r y  a new value of v and i t e r a t e .  The system i s  well-behaved, 

s o  t h a t  a search  algori thm can be used t o  make the  process  very f a s t .  

A similar i t e r a t i o n  sequence i s  requi red  by the  approaches of ref. 1 7  

- - - - 



and 21. The method proposed he re  is f a s t e r  and more accu ra t e  than 

t h e i r  approaches because t h e  numerical  i n t e g r a t i o n  i s  e l imina ted .  (For 

example, ref .  18 g ives  a numerical example of a SISO s i n g l e  s t a t e  

system. The r epor t ed  va lue  of T f o r  t h e  given v i s  1.02 while  t h e  

c o r r e c t  va lue  t o  three decimal places is 1.012.) In  a d d i t i o n  (as 

d i scussed  i n  s e c t i o n  4.101, us ing  the modal form uncouples some of t h e  

variables and they  can be removed from t h e  c a l c u l a t i o n s  f o r  v and T. 

This reduces the  number of v a r i a b l e s  used, sav ing  even more t i m e .  

4.4 S u f f i c i e n t  (Second Order) Conditions 

The s u f f i c i e n t  cond i t ions  f o r  a weak l o c a l  minimum of t he  system 

given  by equat ions  4.3.14, 4.3.15, and 4.3.16 are ( r e f .  (E) f o r  t h e  

case x (T  1 =free 1 : - 

ruu( t )  > 0 f o r  O<t<T -- (s t rengthened Legendre-Clebsch) (4.4.1 1 

S ( t )  f i n i t e  O<t<T (Jacobi or no conjugate p o i n t  c o n d i t i o n )  (4.4.2) 

(4.4.3) T 1 T T where: 5 = -SF - F S + -  SGG S + H KH wi th  S(T)=O 2v 

D i f f e r e n t i a t i n g  equat ion  4.3.14 twice g ives :  

= 2A01 = 2VI ruu 

Since v>O always (see Sec t ion  4.6, "Charac te r i s t i c s  of t h e  Solu t ion" ,  

comment 4) equat ion  4.4.1 is  sat isf ied.  

cons ider  t h e  R i c a t t i  equa t ion  form of the  s o l u t i o n  t o  equat ion  4.3.15 

( r e f .  (D)): 

To check equat ion  4.4.2, 

- A ( t 1  = s ( t ) g t )  (4.4.4 1 

S G G ~ ~  + H ~ K H  with S(T)=O (4.4.5) T 5 = -SF-F S + - 
2v 

Note t h a t  equat ions  4.4.5 and 4.4.3 are  t h e  same. From equat ions  4.4.4 

and 4.4.5, if S goes t o  i n f i n i t y  i n  the i n t e r v a l  O<t<T,  then  A(t) a l s o  

goes t o  i n f i n i t y  f o r  c ( t ) # O .  Thus, the cond i t ion  on t h e  equat ion  f o r  a 

s o l u t i o n  t o  e x i s t  (4.4.5) and the  condi t ion  (equat ion  4.4.2) on the  

- - 
- 
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equat ion  f o r  t h e r e  t o  be no conjugate  P o i n t  (4.4.3) are  t h e  same. In 

addt ion ,  f o r  - x(O)#O, - t h e r e  can be no conjugate  p o i n t  a t  T, because then  

S(0) is  i n f i n i t e ,  r(0) is non-zero, g iv ing  - A(0) i n f i n i t e .  

t h e  s o l u t i o n  when t h e r e  are no conjugate  p o i n t s  i n  OLtLT i s  X ( t )  = J(t)  

= - 0. 

u se fu l .  I f  t h e r e  i s  a conjugate  p o i n t  a t  T, then  t h e r e  e x i s t s  a 

n o n t r i v i a l  p e r t u r b a t i o n  to  t h e  optimum which s a t i s f i e s  t h e  f i r s t  o rde r  

condi t ions  and i s  zero  a t  0 and T8. 

c(O)=c and - X(T)=O - can be m e t  wi th  a n o n t r i v i a l  J(t) and - A ( t )  on ly  a t  a 

conjugate  po in t .  A s  shown i n  s t e p  (4) a t  t h e  end of s e c t i o n  

For - x(O)=g, 

This i s  a v a l i d  s o l u t i o n  i n  t h a t  i t  is an  optimum, b u t  it is n o t  

Thus, t h e  boundary cond i t ions  

- 

4.3, t h i s  means t h e r e  i s  a conjugate  p o i n t  a t  T such t h a t  pcl = 0:  

For - x(O)Z.O, - t h e  a lgor i thm provides  a weak l o c a l  minimum provided 

T < f i r s t  conjugate  poin t .  

s o l u t i o n  excep t  a t  conjugate  p o i n t s ,  and i s  minimum only  i f  T = 

f i r s t  conjugate  po in t .  

For - x(O)=O, - ‘ t h e  a lgor i thm has no 

Because of t h e  form of equat ion  4.3.18, &(t) and X ( t )  are sums of 

exponent ia l s ,  some of which are o s c i l l a t o r y ,  so t h a t  0 =O f o r  an 

i n f i n i t e  number of p e r i o d i c a l l y  r e p e a t i n g  T, given a p a r t i c u l a r  system 

and choice of v and E. P a s t  t h e  f i r s t  such T, numerical  r e s u l t s  show 

t h a t  t h e  s o l u t i o n  i s  maximizing, a l though t h e r e  i s  no theory  t h a t  

a l lows determinat ion of o p t i m a l i t y  f o r  t i m e s  l a r g e r  than t h e  f i r s t  

conjugate  po in t .  

I C I  

4.5 Simple Example 

A low o rde r  example may c l a r i f y  t h i s  procedure.  Consider t h e  case 

used i n  r e f .  18, i.e. SISO s i n g l e  s t a t e  w i t h  ( s i n g l e  e lement)  s t a t e  

mat r ix  unknown. In t h e  n o t a t i o n  of eq. 4.3.1 : 

. 
x = ax + bu 

y = cx + n o i s e  

Assume b=c=l and a is unknown b u t  t h e  t r u e  va lue  i s  -.I. The weight ing 

parameter  kl =I Following t h e  procedure from s e c t i o n  4.3: 



1. Choose v. Const ruc t  F'. 

Choose v=.O375. F' becomes: 

HTKH -F 

a 

1 
0 

- - i  0 0 

a 
0 

2 
kl = 

b2 
2v 

0 
-a 

0 

- -  

- 1  T A 0 ' -BB 
2v 

A 0 Aa 

T 0 0  -A 

0 CTKC 0 

0 

0 

T 
a 
T 

-A 

-A 

0 

-1 
0 

1 .  

-1 3.3 

0 
* .1  

0 

2. Find t h e  e igenvalues  and e igenvec tors  of F'. 

= k 1.9135, ?: 1.9083 i 

1 

1 
Bi -a 

2v - (a-Bi) 
b2 
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50 -. 55 .027-.52i .027+.52i 

.14+. 040i .14-. 040i - 
1.86 .040 .091-. 26i  .091+. 26 i  

-1.908it 

-1.908it 

-1.908it 

-1 .908i t 1 -1.91 4 t  1 .908i t  e e e 

( .027+. 52 i  )e 

(-. 008+. 1 4 i ) e  

27e -.27 e -.27 e 

1.91 4 t  e 

-1 91 4 t  
.50e1 4t -.55e ( .027-. 52i ) e  

(-. 008-. 14 i  1.914t e14e -1.91 4 t  -. 15e 

1-91 4 t  e27e -1.91 4 t  1.908i t 
d 

I 
3. Evaluate t h e  f i r s t  t w o  r o w s  (n-, r = l )  of @ a t  t = O ,  t h e  l a s t  t w o  2 
r o w s  a t  t=T. (Consider  t w o  values of T, T=1.0120098 seconds and T=1.0 

seconds. 1 

# (T=1,0120098) = 
C 1 

- 
1 1 1 1 

50 -0  55 .027-.,52i .027+. 52i 

-1.05 -020 . 1 4+. 044i .14-. 044i 

1.90 .040 .097-. 26 i  .097+. 261 - 

A - 
- @Cl 

f 1  1 1 

# (T=1.0) 
C 

4. If x(O)fO, y = #-l ~~0~ . If x(o)=o, - y i s  i n  terms of one 
C - 

element of y. L - J  - 

-9 = -zX1 0-l + .018i -19 - 7x10 i I % I  1 %  I = -8x10 

So, T=1.0120078 can be used only  i f  x( O)=O, T=l .O only  if x(0 ) fO .  

(T=l.0120098 is t h e  f i r s t  conjugate  p r i n t  f o r  v=.0375) 

( a )  For x(O)=O: 
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1 0 1 0 1 0 1 

0 1 0 1 0 1 -  0 

50 0 -055 0 .027 e52 .027 

0 -50 0 -055 -e52 e027 -52 

-1 - 0 5  0 .020 0 -14 -e044 014 

0 -1.05 0 -020 e044 e14 -e044 

1.90 0 -040 0 e097 026 -097 

[ o  .337 0 -2.337023 1.445 1 

-1 

0 

-1 

52 

-. 027 
-. 044 
-.14 

26 

T -1.4451 1my4 

The notation is Y4=(-1.445+i) Imy4, where Imy4 is not restricted to be 

real. For Imyq=-i: 

T 
1 1  a [-337 -2.337 1-1.4453. 1+1.445i] 

'(b) For x(0)fO: 

r 2.70 3.68 -1 4.02 -9.63 
-1 7. 88 -26.01 91.10 66.83 

8.09-1 1.14i 1 1  . 17-1 5.1 Oi -38.54+56.74i -28.60+41.33i 
8.09+11 . 14i 11.1 7+15.1 Oi -38.54-56.74i -28.60-41 .33i 

= [2.70 -17.88 8.09 -11.14.i 8.09+ 

= [ .337 -2.231 1 . 009-1.39Oi 1.0093+ 

(4.5.1 1 

1.14ilT x(0) (4.5.2) 

.390iIT 8.01 x ( 0 )  (4.5.3) 

So, the solutions are: 
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(a )  For x(O)=O: 

x(t) = p(.337e m 9 1  4t -2.337e -' O g l  4t + (1 -1.445i)e 1.908it 

1 
= p(.337e 4t -2.337e -10914t + 2 cos(1.908t) 

-1.908it + (1 +l. 4453. )e 

+2.891 sin (1.908t) 1 

-1.91 4t 4t + 4.238e 1 T  u(t) = - - G X = p(.679e 
2v - 

+ (2.858 + 1 .764i)e1*908it + (2.858-1.764i)e -1.908it) 
I 

= p(.679e 1*914t + 4.283e + 5.716 cos (1.908t) 

- 3.527 sin (1.908t)) 

1.0120098 

0 
where p is chosen so t h a t  $ u dt = 2E 

(b) For x(0)fO: 

-' O g l  4t + (8.088-1 1.1 38i 1 e 1.908i t x(t) = x(0)(2.701e 4t - 17.876e 
1 + (8.088-1 1.1 38i)e 

= x(0)(2.701e 4t - 17.876e -1*914t + 16.175 cos(1.908t) 

-1.908it 

+ 22.276 sin(l.908t) 1 
1.908it u ( t )  = x(OI(5.438e 4t + 32.42e -1*914t + (22.06 + 14.32i)e 

1 -1.908it + ( 2 2.06-1 4.32i 1 e 

= x(0)(5.44e + 32.42e + 44.13 cos(1.908t) 

+ 28.64 sin(1.908t)) 

l 2  where $ 

used. 

u dt is compared to 2E to see if the wrong value of V w a s  
0 

~ ~~~ - 
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4.6 So lu t ions  f o r  a Simple LSS 

To examine the  s o l u t i o n s  produced by t h i s  a lgori thm f o r  a LSS, 

s t a r t  wi th  the  simplest model which contains  a l l  t h e  c h a r a c t e r i s t i c s  of 

a LSS i.e. a r i g i d  body mode and a l i g h t l y  damped f l e x  mode which may 

be c l o s e l y  spaced with respect t o  a second f l e x  mode. This system is  

modelled as a t h r e e  mass s l i n k y  as shown i n  Figure 4.6.1. I n i t i a l l y ,  

cons ide r  a non-colocated SISO set  up, with t h e  t h r u s t e r  a t  one end and 

t h e  ( p o s i t i o n )  sensor a t  t h e  o ther :  

k l  k 2  r F  
c 2  C, 

1 PX 
Figure 4.6.1 : Three Mass, SISO Sl inky  

For the  graphs i n  t h i s  s e c t i o n ,  t h e  n u m e r i c a l  va lues  of t h e  parameters 

are : 

ml=m3=lOO kg; m2=300 kg 

IC. =IC -=I nn N,/m 

c l=c2=2 N - s e c / m  
- A  I 

3 

( 1 
i=l  

mi = 500 kg)  

The maximum t h r u s t  a v a i l a b l e  is 50 N, which i s  included i n  the  g a i n  

matrix,  so t h a t  t h e  opt imal  i npu t  should be <= 1. S u b s t i t u t i n g  these  

va lues  i n t o  t h e  m o d a l  equa t ions  4.3.3(4.3.1) and 4.3.4(4.3.2) g ives :  
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B =  

1 

0 0  0 1 0 

0 0 - 0 1 2  ‘25101 0 

0 0 0 0 0 

A =‘I 0 0 0 0 

c = (c1 0 c 3  0 c 5  01 

where: b2 = . l o  N/kg 

01 = 1.000 rad/sec,  51 = .01000, b4 = -.15 

(4.6.1) 

(4.6.2) 0 2  = 1.291 rad/sec,  52  = .01291, b6 = .12 N/kg 

~1 = 1,  ~3 = 1.58, ~5 = 1.22 

The t ransformation t o  mod 1 form uses3eigenvectors  (mode shapes)  which 

have been normalized v i a  1 m. 4 .  (i) = C m , where 4 .  (i) = i t h  e lement  of 

t h e  j t h  e igenvector .  The elements  of t h e  mode shapes are t h e  t h r e e  

2 A 
3 

i = l  1 3  i = l  3 

displacements X I ,  x2, and x3. For this system: 

C h a r a c t e r i s t i c s  of t h e  S o l u t i o n  

Before examining optimal i n p u t s  f o r  i d e n t i f i c a t i o n  of t h i s  system, 

s e v e r a l  c h a r a c t e r i s t i c s  of t h e  s o l u t i o n  are descr ibed .  This  makes 

t h e  optimal i n p u t s  easier to interpret  and g e n e r a l i z e .  

1. 

i n i t i a l  condition. I n  a d d i t i o n  to  t h e  elements  of A, B, C, i t  depends 

on : 

The frequency c o n t e n t  of t h e  optimal i n p u t  does n o t  depend on t h e  



x ( 0 )  = 0: T ( o r  equ iva len t ly  v )  
x ( 0 )  # 0: E and T ( v  can  r ep lace  e i t h e r  E o r  TI 
- - 
- - 

Figure  4.6.2 shows how the  frequency content  changes with T f o r  an 

i n p u t  optimized wi th  r e s p e c t  to  a frequency with - x(O)=O. - 

2. 

f o r  t he  same choice of T. 

amplitudes w i l l  a l s o  match f o r  t he  same choice  of E. 

As - x(O)+O, - t he  shape of t h e  optimal i n p u t  approaches t h a t  of - x(O)=o 
(Compare equat ions 4.5.1 and 4.5.3.) The 

3. For x(O)=O, - l a r g e  values  of T r equ i r e  l a r g e  values  of v and v i c e  

versa .  

approaches t h e  system f requencies .  Hence, f d r  l a r g e  T, t h e  opt imal  

i n p u t  i s  a s inusoid  a t  the  system frequency. 

- 
As v i n c r e a s e s ,  t he  frequency con ten t  of t he  opt imal  ' input  

4. The t w o  problems: 

over u 0 

T T  Subject  to:  4 { g d t  = E 
0 

and : 

Minimize : 
over u 0 

a r e  mathematically e x a c t l y  the  same problem, where q=2v i n  t h e  n o t a t i o n  

used i n  previous sec t ions .  If q were l e s s  than zero,  t he  algori thm 

would be t r y i n g  t o  use a l o t  of input .  With no boundary cond i t ions  on 

5 ,  t h i s  is  l i k e  the  inve r se  of t h e  r egu la to r  problem i.e., d r i v e  5 as 

f a r  from the  o r i g i n  as p o s s i b l e  using as much c o n t r o l  as poss ib l e .  

'€?IUS q (and v )  must  be g r e a t e r  than zero. 

- - 



9 2  

lJ-J@- 

Numbers i n d i c a t e  T i n  seconds 

-; L1 

I . Ib . - ; lb . / b  . 4 .  
d W  . . . .  . . . . .  . .  '. . . . . . .  :.;. 

*- I(r 

1.50 I I I 

1 :  . . . . . . . . . . . . . . .  

- -5001 
+ 
Q 
Q 0.00 - E 
z - 

- . S O @  . . . . . . . . . . . . . . . .  1 

-1,oo-  . . . . . . . . .  1. . .  
/ '  

1 

RERL (ROBTI 

I I I 

Double r o o t -  a t  
-: 4. . .  .T .=. 00. . . . . . . . .  : I  

: I  
I ; \  

c 

. . . . . . . . . . . . . . .  
' L (  

"I b 
& &  
A n  

- . . . . . . . . . .  - 
7 ,  
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5. In t h e  equat ions  descr ibed  by eq. 4.3.15, many of t h e  elements of 5 

and - X are ze ro  f o r  a l l  t i m e  f o r  a system i n  modal form. 

some elements  are nonzero b u t  n o t  needed t o  c a l c u l a t e  U. Which 

elements t h e s e  are can be i d e n t i f i e d  by i n s p e c t i o n  of equat ion  4.3.1 5 

or  e q u i v a l e n t l y  by in spec t ion  of t h e  eigenvectors .  E l imina t ing  these 

elements s i g n i f i c a n t l y  reduces t h e  order  of t h e  problem. For example, 

i n  t h e  most complicated case considered h e r e  ( s e c t i o n  4.6, Optimizing 

with Respect t o  Many Parameters) ,  t h e  number of v a r i a b l e s  r equ i r ed  i s  

reduced from 96 t o  38. The minimum number of  v a r i a b l e s  requi red  equa l s  

four  pe r  parameter included p lus  some or a l l  of t h e  system s ta tes .  

- 
In  a d d i t i o n ,  

- 

Afte r  calculating:, t h e  d e l e t e d  s ta tes  can be r e s t o r e d  i f  t h e i r  

t i m e  h i s t o r i e s  are des i r ed .  

6. 

and only  by, t h e  choice  of E. Choosing T affects  only  t h e  shape of t h e  

s i g n a l .  Hence, even though t h e  algorithm assumes E i s  f ixed ,  E can  be 

chosen so t h a t  t he  amplitude of the  optimal i n p u t  does n o t  exceed 1 .  

In  t h e  f i g u r e s  i n  t h i s  chap te r ,  optimal i n p u t s  wi th  t h e  same T have t h e  

same E, and t h a t  E w a s  chosen so t h a t  t h e  i n p u t  peaks near  1. Inputs  

with d i f f e r e n t  va lues  of T are sca l ed  t o  d i f f e r e n t  va lues  of E. . 

For - x(O)=O, - t h e  amplitude of t h e  op t ima l . i npu t  i s  determined by,  

Because of c h a r a c t e r i s t i c s  2 and 6, and because i n  a real  

experiment t h e  i n i t i a l  cond i t ions  w i l l  always be unknown and usua l ly  

near  zero ,  x(O)=O - w a s  used i n  so lv ing  f o r  t h e  opt imal  i npu t s .  
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Optimizing wi th  Respect t o  a S i n g l e  Parameter 

Figures 4.6.3-7 show t h e  opt imal  i n p u t  t o  maximize t h e  s e n s i t i v i t y  

of t h e  output t o  wl=l rad/sec.  They r equ i r ed  assuming va lues  f o r  ~ 1 ,  

51, b4, and c3 (see equat ion  4.6.1 and 4.6.2). 

The i n p u t  i s ,  i n  a l l  cases, l i k e  a damped s inuso id .  For 

experiment d u r a t i o n s  longer  than a few mode pe r iods ,  t h e  frequency of 

the s inuso id  i s  n e a r l y  t h a t  of t h e  mode. The change of t h e  frequency 

c o n t e n t  of t h e  i n p u t  wi th  experiment d u r a t i o n  is  shown i n  t h e  r o o t  

locus  graph i n  F igure  4.6.2. 

Because t h e  amount of i n p u t  used i s  pena l i zed ,  t h e  envelope of t h e  

i n p u t  decays towards t h e  end of t h e  experiment. For very s h o r t  

experiments (less than  3 mode p e r i o d s ) ,  t h e  envelope i s  s imi la r  t o  a n  

exponent ia l  decay. The i n p u t  has  a lmost  a l l  i t s  energy i n  an i n i t i a l  

pu l se ,  then qu ick ly  decays (see Figure  4.6.3 'and 4.6.4). For longe r  

experiments ( 3  t o  35 mode p e r i o d s ) ,  t h e  envelope i s  a n  approximately 

l i n e a r  decay with a more r a p i d  decay f o r  t h e  l as t  10-15% of t h e  

experiment (see Figure  4.6.4). For longer  experiment t i m e s  i n  a damped 

system, the  slope of t h e  l i n e a r  decay r eg ion  would be s o  low t h a t  t h e  

o u t p u t  would decay r a p i d l y  i f  t h i s  envelope shape were maintained. 

Thus, as shown i n  F igure  4.6.5, t h e  e a r l y  par t  of t h e  i n p u t  drops  down 

(enab l ing  a steeper s lope  i n  t h e  l i n e a r  r eg ion )  f o r  longer  experiment 

du ra t ions .  Increased damping s t r eng thens  t h i s  e f f e c t ,  as i l l u s t r a t e d  

i n  Figure 4.6.6. For an undamped system, t h i s  e f f e c t  never appears, as 

shown i n  Figure 4.6.7. Penal iz ing  t h e  amplitude of t h e  mode weakens 

t h e  e f f e c t  ( s e e  "Limiting S t a t e  Amplitude" i n  s e c t i o n  4.6) s i n c e  more 

r a p i d  decay i s  u s e f u l  i n  t h a t  case. 

Note t h a t  t h e  opt imal  s i g n a l  does n o t  always s t a r t  nea r  a peak as 

might be expected (see, f o r  example, F igure  4.6.10). The t r a d e - o f f  

between frequency con ten t ,  phasing, and decay envelope u s u a l l y  r e s u l t s  

i n  s t a r t i ng  the  experiment near  a peak, b u t  n o t  always. 

Figure 4.6.8 shows t h e  opt imal  i n p u t  t o  maximize t h e  s e n s i t i v i t y  

of t h e  output  t o  <1=.01. 

optimized with respect t o  frequency f o r  comparision. 

The second curve  on t h e  graph shows an i n p u t  
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Figure 4.6.3:  Input optimized With Respect to One Frequency 

for Short Experiments 
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F i g u r e  4.6.5: I n p u t  Optimized With Respect t o  One Frequency 

f o r  a Yet Longer Experiment 
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Optimized With Respect t o  a Frequency 
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frequency = 1.0 rad/sec,  damping r a t i o  = 0.0 

-2.001 I I I I I 
0.00 50.0 100. 150. 200. 250. 300. 

TIME 

Figure 4.6.7: E f f e c t  of N o  Modal Damping on input 
Optimized W i t h  Respect to  a Frequency 
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frequency = 1.291 r ad / sec ,  damping r a t i o  = .01291 
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Figure 4.6.8: Input  Optimized With Respect t o  a Damping Ra t io  
vs. Input  Optimized With Respect t o  a Frequency 
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F igure  4.6.9 shows the  opt imal  input t o  maximize the  s e n s i t i v i t y  

of t h e  ou tpu t  t o  bq=-.15 N/kg. Values f o r  ol, c1  and c 3  must be 

assumed, bu t  n o t  b4. 

The second curve on t h e  graph shows an i n p u t  optimized with 

r e s p e c t  t o  frequency f o r  comparison. Optimizing with respect t o  

c o n t r o l  e f f e c t i v e n e s s  s h i f t s  t he  input  so t h a t  it i s  more evenly 

d i s t r i b u t e d  over the experiment t i m e  r e l a t i v e  t o  opt imiz ing  with 

r e s p e c t  t o  frequency . 
Optimizing With Respect t o  Many Parameters 

F igure  4.6.10 shows an example of t he  opt imal  i n p u t  t o  maximize 

the  weighted s e n s i t i v i t y  of t h e  output  t o  w l ,  u2, ~ 1 ,  52, b 4  and b6. 

Values f o r  a l l  t h e s e  parameters,  and f o r  c l ,  c3, and c5 must be 

assumed. 

F igures  4.6.11 -1 3 i l l u s t r a t e  more e x p l i c i t l y  the  e f f e c t  of t h e  

weighting parameters.  Figure 4.6.1 1 shows t h a t  f o r  parameters i n  t h e  

same mode, where the  s i n g l e  parameter shapes a r e  s imilar ,  t he  opt imal  

i npu t  is  similar,  too. As shown i n  Figures 4.6.12 and 13, when t h e  

parameters  are i n  d i f f e r e n t  modes, the r e s u l t i n g  i n p u t  i s  l i k e  t he  

weighted sum of two damped s inuso ids ,  o s c i l l a t i n g  a t  t h e  two 

fr -? i ienries  of i n t e r e s t .  
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frequency = 1.0 r ad / sec ,  damping r a t i o  = .01 
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Figure  4.6.9: Input  Optimized With Respect t o  a Gain 
vs. Input  Optimized With Respect t o  a Frequency 
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Figure 4.6.10: I n p u t  Optimized With Respect to Many Parameters 
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"wo Parameters i n  t h e  Same Mode 
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Figure 4.6.12: Input Optimized With Respect to Two Frequencies 
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L imi t ing  S ta te  Amplitude 

One of t h e  problems with LSSs i s  t h a t  they  are t y p i c a l l y  l i g h t l y  

damped. Exc i t ing  such a s t r u c t u r e  a t  a n a t u r a l  frequency i s  l i k e l y  t o  

cause  s t r u c t u r a l  f a i l u r e .  To avoid t h i s ,  a term i s  added t o  t h e  c o s t  

f u n c t i o n  t o  p e n a l i z e  s ta te  amplitude i.e. equa t ion  4.3.8 becomes: 

T T 
J = - -  1 I &THTKHA - x Wx)dt - -  

2 O  
(4.6.4) 

S ince  - x is the f i r s t  N elements of - 5 ,  t h e  problem formula t ion  is  

unchanged. Replace a l l  H with H I  and a l l  K wi th  K' where: 

H '  = ['! -; !] 
K* = E 11 

where the c o s t  w i l l  be: m m 
1.L 1 I .L 

1 J = - - I  kTH K H 5 ) d t  - 
2 O  

This  is a r e g u l a t o r  problem where some r e g u l a t i o n  is t r aded  o f f  

f o r  i nc reased  s e n s i t i v i t y  of t h e  output  t o  parameters. The graphs on 

t h e  fo l lowing  pages show t h e  r e s u l t s  f o r  d i f f e r e n t  va lues  of W f o r  

op t imiz ing  wi th  respect t o  frequency 2 (=1.291 r ad / sec ) .  
FiyuL,= ; . ~ o ; ~ - ~ ~ ,  -;-:a L*Y..U t.-a-r n..--l A i c n f a m a m n n t  ---=--'--...- ran he 

e l imina ted  wi th  very  l i t t l e  e f f e c t  on the  f l e x  modes, when opt imiz ing  

over  a f l e x  mode parameter. 

As shown i n  F igure  4.6.17-20, i t  is much more c o s t l y  t o  l i m i t  t h e  

ampl i tude  of t h e  mode whose parameters a re  be ing  i d e n t i f i e d .  F igure  

4.6.17 shows t h a t  t h e  p e n a l t y  s h i f t s  the l i n e a r l y - d e c a y i n g  envelope 

p o r t i o n  of t h e  i n p u t  to  ear l ie r  t i m e s ,  as expected (see s e c t i o n  4.6, 

Optimizing With Respect t o  a Single  Parameter),  and adds some i n p u t  

n e a r  the end of t h e  run. F igure  4.6.19 shows this e f f e c t  f o r  a l a r g e r  

pena l ty .  As shown i n  F igures  4.6.18 and 20, t h e  p e n a l t y  p r i m a r i l y  

dec reases  t h e  m o d a l  response dur ing  its decay, b u t  a l so  dec reases  t h e  

peak amplitude. 
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Figure 4.6.14: Input  Optimized With Respect t o  a Frequency 
and Penalized f o r  Rigid Body Motion 
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Penal ty  (frequency = 1.291 rad/sec,  
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Figure  4.6.15: Rigid Body Motion w i t h  Input  from Figure  4.6.14 
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Figure 4.6.1 7: Input Optimized W i t h  Respect t o  a Frequency 
With a Small Penalty on a F lex ib l e  Mode 
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- no s ta te  penal ty  - -  p e n a l t y  of 2500 on amplitude of f l e x  mode 2 
( w 2 = l .  291 rad/sec,  52'. 01 291 ) 
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Figure 4.6.19: Input  Optimized With Respect t o  a Frequency 
With a Large Penal ty  on a F l e x i b l e  Mode 
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S e p a r a t i n g  C lose ly  Spaced Frequencies 

Another LSS problem i s  t h a t  f requencies  are t y p i c a l l y  c l o s e l y  

spaced. To h i g h l i g h t  t h e  frequency sepa ra t ion ,  model t h e  f r equenc ie s  

as ol=wc-c and 02=oC+c, then optimize with respect t o  E. Note t h a t  

zai term i n  the c o s t  wi th  T 
t h i s  is  the same as r e p l a c i n g  t h e  xai 
(x -xT ) CT C (x -x Graphs on t h e  fo l lowing  pages show t h e  
-2 -1 "2 -1 

r e s u l t .  In a l l  the graphs,  t h e  damping r a t i o s  of t h e  t w o  modes a r e  

001. 

T 

In t h e  f i r s t  graph (F igure  4.6.21 1, t h e  i n p u t  i s  optimized wi th  

respect t o  t h e  frequency d i f f e r e n c e  of two widely spaced modes (1  and 

4.3 r ad / sec ) .  The i n p u t  looks much l i k e  op t imiz ing  wi th  respect t o  a 

s i n g l e  frequency, because the amplitude of response of t h e  lower 

frequency mode is  so much h ighe r  than t h a t  of t h e  h ighe r  frequency mode 

t h a t  almost a l l  t h e  i n p u t  goes t o  e x c i t i n g  t h e  lower mode. 

F igure  4.6.22 shows t h e  i n p u t  f o r  c l o s e r  f r equenc ie s  ( 1  and 1.1 

r a d / s e c ) .  

beat p a t t e r n .  As shown i n  f i g u r e  4.6.23, t h i s  beat p a t t e r n  can be 

d u p l i c a t e d  us ing  t h e  program which optimizes wi th  respect t o  the 

f r equenc ie s  r a t h e r  than t h e i r  d i f f e rence .  

w i th  respect t o  the two f requencies .  The weighting on t h e  two 

f r equenc ie s  w a s  chosen so t h a t  t he  i n t e g r a t e d  s e n s i t i v i t i e s  of t h e  

s t a t e  wi th  respect t o  t h e  t w o  f requencies  is s imi la r  f o r  the t w o  

i npu t s .  (Frequency 1 w a s  weighted with 1,  frequency 2 w i t h  1.8.) 

As t h e  f r equenc ie s  ge t  c l o s e r  t oge the r ,  t h e  i n p u t  develops a 

The sol id  l i n e  i s  optimized 

Thus, op t imiz ing  wi th  respect t o  frequency d i f f e r e n c e  selects  t h e  

i n p u t  which, among a l l  t h e  d i f f e r e n t  i n p u t s  ob ta ined  by vary ing  t h e  

r e l a t i v e  weights when opt imiz ing  with respect t o  t h e  t w o  f r equenc ie s ,  

g ives  t h e  s t r o n g e s t  beat. This is i l l u s t r a t e d  i n  F igure  4.6.24, which 

shows t h e  measurement (wi th  t h e  r i g i d  body motion s u b t r a c t e d  o u t )  i n  

response t o  i n p u t s  optimized t h r e e  d i f f e r e n t  ways: ( 1 )  optimized wi th  

respect t o  f requency  d i f f e r e n c e  ( s o l i d  l i n e ) ;  ( 2 )  optimized wi th  

respect t o  two f r equenc ie s  wi th  both f requencies  weighted by 1;  ( 3 )  

optimized wi th  respect t o  two f requencies  wi th  frequency 1 weighted by 

1 and frequency 2 weighted by 2. The s t r o n g e s t  b e a t  i s  ob ta ined  by t h e  

i n p u t  optimized w i t h  respect t o  t h e  frequency d i f f e r e n c e .  
4 

I 
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w1 = 1.0 rad /sec ,  51 = .01 
19 w2 = 1.1 , 5 2  = " 

- optimize wi th  r e s p e c t  t o  w, p e n a l t i e s  = 01 x 1 ,  w2 x 1.8 
- -  optimize wi th  respect t o  frequency d i f f e r e n c e  
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Figure 4.6.23: Dupl ica t ing  Resu l t s  of Optimizing W i t h  Respect t o  
Frequency Dif fe rence  By Choice of Weighting Parameters 
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4.7 Comparison w i t h  PRBS 

One of t he  l i m i t a t i o n s  of p ick ing  an i n p u t  based on maximizing a 

c o s t  func t ion  is t h a t  expected va lues  of t he  system parameters  must  be 

assumed t o  c a l c u l a t e  t he  opt imal  input .  This i s  c h a r a c t e r i s t i c  of a l l  

optimal input  a lgori thms.  

r e q u i r e s  no knowledge of t h e  system parameters.  It w i l l  be less 

e f f e c t i v e  b u t  robus t  with r e s p e c t  t o  d i f f e r e n c e s  between t h e  a c t u a l  and 

modelled systems. A PRBS i s  the  most common example of t h i s  type  of 

input .  The inpu t  i s  always a t  f u l l  p o s i t i v e  o r  nega t ive  t h r u s t ,  and 

switches a t  random a t  f i xed  t i m e  i n t e r v a l s .  

The a l t e r n a t i v e  is  t o  u s e  an i n p u t  which 

How f a r  can the  r e a l  parameter values  d e v i a t e  from t h e i r  expected 

values  before  t h e  opt imal  i n p u t  i s  no b e t t e r  than a PRBS? This was 

t e s t e d  by s imula t ing  the  system response t o  the  opt imal  i n p u t  and t o  a 

PRBS €or d i f f e r e n t  values  of t h e  system parameters.  

A t y p i c a l  r e s u l t  i s  shown on t h e  next  page. Three opt imal  i n p u t s  

were tes ted :  (1  1 optimized with r e s p e c t  t o  frequency ( a t  1 r a d / s e c )  

( s o l i d  l i n e ) ;  ( 2 )  optimized with r e s p e c t  to  two c l o s e l y  spaced 

frequencies  ( a t  1 and 1.291 r ad / sec )  ( l o n g e s t  dashes ) ;  and ( 3 )  

optimized with r e s p e c t  t o  t w o  widely spaced f requencies  ( a t  1 and 4.3 

r ad / sec )  (second longes t  dashes) .  The PRBSs t e s t e d  may s w i t c h  every  

second. The gray reg ion  i n d i c a t e s  t he  range of system response f o r  a l l  

PRBSs which are restricted t o  switch a t  least  every 4 seconds. (The 

r e s t r i c t i o n  r a i s e s  the  lower edge of t h e  region b u t  has no e f f e c t  on 

the  "bes t"  sequences.)  I n  add i t ion ,  t he  response t o  a p a r t i c u l a r  PRBS 

i s  graphed (second s h o r t e s t  dashes ) .  This PRBS gave the  b e s t  r e s u l t ,  

of those  considered,  a t  t he  nominal frequency of 1 rad/sec. 

As shown i n  Figure 4.7.2, choosing a "good" PRBS i s  n o t  t r i v i a l  

even f o r  t h i s  simple case.  The graphs show t h r e e  PRBSs w i t h  a s inuso id  

a t  t he  a c t u a l  frequency superimposed t o  show how c l o s e l y  they match. 

The top  graph looks f i n e  bu t  has an i n t e g r a t e d  weighted s e n s i t i v i t y  of 

2056, 10% poorer  than the  bes t .  The middle graph is  t h e  n a t u r a l  guess 

f o r  b e s t ,  and has a s e n s i t i v i t y  of 2222, 7% poorer  than t h e  b e s t .  The 

bottom graph i s  t h e  b e s t ,  with a s e n s i t i v i t y  of 2398. When the  system 

has severa l  a c t u a t o r s  and widely spaced modes, t h e  only way t o  f i n d  a 

good PRBS i s  t r i a l  and e r r o r .  
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How does t h e  d i f f e r e n c e  i n  in t eg ra t ed  s e n s i t i v i t y  shown i n  F igure  

4 . 7 . 1  t r a n s l a t e  i n t o  i d e n t i f i e r  accurac ies?  This i s  demonstrated i n  

F igu re  4 . 7 . 3 .  ?he opt imal  i n p u t  and 3 d i f f e r e n t  PRBSs w e r e  used t o  

excite t h e  8 mass s l inky .  The PRBSs were chosen a t  random; a l l  of t he  

'best  guess '  PRBSs t r i e d  (such as using 1 when the op t ima l  i n p u t  would 

have been p o s i t i v e  and -1 when it would been n e g a t i v e )  w e r e  any 

better.  "tlese i n p u t s  are shown i n  Figures 4.7 .4-6 .  To g i v e  t h e  same 

i n t e g r a t e d  i n p u t  (equat ion  4 . 2 . 3  1, t he  PRBSs have an amplitude equa l  t o  

. 3 7  t h a t  of t h e  opt imal  i npu t .  The optimal i d e n t i f i e r  used the  

r e s u l t i n g  inpu t /ou tpu t  d a t a  t o  i d e n t i f y  a model. 

F igure  4 . 7 . 3 ( a )  compares t h e  frequency estimates f o r  t h e  f o u r  sets 

of i n p u t s  when t h e  same n o i s e  var iance  is  used f o r  a l l  f o u r  and t h e r e  

are no deadbands imposed t o  p reven t  breakage or d r i f t .  The r e s u l t s  are 

t h a t  t h e  PRBSs are s l i g h t l y  better. 

However, t h i s  is n o t  a good comparison because the i d e n t i f i e r  

performance is  very  s e n s i t i v e  t o  SNR. The PRBSs have a much h ighe r  SNR 

(1000, 90 i f  t h e  r i g i d  body modes are n o t  inc luded  i n  t h e  SNR vs.  200  

f o r  t h e  optimal i n p u t ,  35 i f  t h e  r i g i d  body modes are n o t  i nc luded) .  

In F igure  4 . 7 . 3 ( b ) ,  t h e  n o i s e  variance w a s  va r i ed  f o r  t h e  PRBS runs  so 

t h a t  t h e  f lex-nly SNR w a s  comparable. The r e l a t i v e  performance i n  ( b )  

a u r e e s  w e l l  wi th  t h a t  expected from Figure 4 . 7 . 1 .  

In  r e a l i t y ,  t h e  no i se  va r i ance  w i l l  n o t  u s u a l l y  vary with t h e  

i n p u t .  However, t h e r e  w i l l  be deadbands which w i l l  p r even t  t h e  PRBSs 

from e x c i t i n g  t h e  modes t o  such high amplitudes. This case is  examined 

i n  F igure  4 . 7 . 3 ( c ) .  Again, t h e  r e l a t i v e  performance agrees wi th  F igure  

4 . 7 . 1 .  

To see how t h e  performance degrades i n  t h e  presence  of modelling 

e r r o r s ,  t h e s e  f o u r  sets of i n p u t s  were used t o  i d e n t i f y  an  8 mass 

s l i n k y  with masses 55,  45, 55, 45, 55, 45,  55, 55 (vs.  a l l  501,  s p r i n g s  

55,  55 ,  55 ,  55 ,  4 5 ,  45 ,  55 (VS. a l l  SO), and dampers 1 . 1 ,  1 . 1 ,  .9, -9, 

.9, 1 . 1 ,  1 . 1  ( v s  . a l l  1 1. The r e s u l t i n g  frequency estimates are shown 

i n  F igure  4.7.7. Comparison with Figure 4.7.3(c) shows t h a t  t h e  

opt imal  i n p u t  estimates are  degraded (as are  the PRBSs ,  a l though they  

could go e i t h e r  way). 
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True Damped Optimal % 3 PRBS 
Frequency E s t i m a t e  E r ro r  E s t i m a t e s  

0.0000 0.0024 0 ~ 0 0 0 8 , 0 ~ 0 0 1 1 , 0 ~ 0 0 0 5  
0.3902 0.3835 1 8 0.3901,O. 3903,O. 3905 
0.7654 0.7679 0.3 0.7655,O. 7653,O. 7653 
1.1111 1.1165 0.5 1.1155,1.1142,1.1149 

1.6693 1.6693 0.4 1.6671,1.6649,1.6716 
1.8478 1.8503 0.1 1.8692,1.8652,1.8697 

1.41 42 1.4263 0.8 1.4354,1.4282,1 4290 

1.961 6 1 9688 0.4 1 9655,1.9630,1.9616 

4 
5 
6 
7 

% 
Error  

0.0,0.0,0.0 
0.0,O. 0 ,O .  0 
0.4,0.3,0.3 

0.3,O. 1,O. 1 
1.2,0.9,1.2 

1.5,1.0,1 0 

0.0,0.1,0.0 

3 PRBS 
E s t i m a t e s  

0.001 7,0.0013,0.0008 
0.3902,O. 3908,O. 391 4 
0.7659,0.*7659,0.7654 

1 1.1241,1.1232,1.1260 
1.4690,1.4744,1.4756 

1.9064,1.9254,1.9310 
1.971 8,1.9662,1.9667 

1 6750,l 6765,l 6992 

( a )  Same i n t e g r a t e d  i n p u t ,  same n o i s e  var iance ,  no deadbands 

% 
Error  

0.0,O. 2,O. 3 
0.3,O. 3,O. 3 
1.2,1.1,1.3 
3.9,4.2,4.3 

3.2,4.2,4.5 
0.5,0.2,0.2 

0.7,O. 8,2. 2 

Mode [True Damped1 Optimal1 % I 
Frequency E s t i m a t e  E r ro r  

6 
7 

0.0000 
0.3902 
0.7654 
1.1111 
1.4142 
1 . 6629 
1.8478 
1.9616 

0.0024 
0.3835 
0.7679 
1.1165 
1.4263 
1.6693 
1.8503 
1.9688 

1 .8  
0.3 
0.5 
0.8 
0.4 
0.1 
0.4 

(b) Same i n t e g r a t e d  inpu t ,  same f l e x  SNR, no deadbands 

4 
5 
6 
7 

True Damped Optimal % 3 PRBS 
Frequency E s t i m a t e  E r ro r  E s t i m a t e s  

0.0000 0.0088 0.001 8 , O .  0027,O. 0094 

0.7654 0.7677 0.3 0.7655,O. 7667,O. 7653 
1.1111 1.1214 0.9 . 1.1138,1.1138,1.1136 
1.4142 1.4291 1 .O 1.4299,1.4232,1.4230 
1 6629 1.6652 0.2 1.6878,1.6683,1.6760 

0.3902 0.391 2 0.3 0.3902,O. 3903,O. 3907 

1 . 8478 1.8488 0.1 1.9664,1.8686,1.8750 
1.961 6 1 9652 0.2 1 .9876,1.9611,1 9638 

% 
Erro r  

o.o,o.o, 0.1 
0.0,o. 3,o. 0 
0.2,o. 2,o. 2 
1 l t6.4t6.2 
1.5,0.3,0.8 
6.4,1.1,1.5 
1 3,0.0,0.1 

( c )  Same i n t e g r a t e d  i n p u t ,  same no i se  var iance ,  deadbands 

F igu re  4.7.3: Comparison of I d e n t i f i e r  Performance Using O p t i m a l  Input  
. To Using PRBS f o r  8 Mass Sl inky 
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lode 

1 
2 
3 
4 
5 
6 
7 
8 

L'rue Damped 
Frequency 

~ ~~ 

0.0000 
0.3847 
0.7575 
1.1286 

1.7158 
1 e41 81 

1.8551 
2.0331 

Optimal 
%timate 

0.0023 
0.3864 
0.7589 
1.1513 
1.4406 
1.7567 
1 8562 
2.0380 

% 

Error 

0.4 
0.2 
2.0 
1.6 
2.4 
0.0 
0.2 

3 PRBS 
E s t i m a t e s  

0.01 1 8 , O .  0003,O. 0081 
0.3849,O. 3850,O. 3848 
0.7584,O. 7598,O. 7582 
1.1452,l. 1343,l . 1320 
1.4575,1.4459,1.4546 
1.8566,1.8665,1.8606 
1 8959,l 881 2 , l .  8786 
2.0505,2.0580,2.0430 

% 
Error  

0.0,o. 0 ,o.  0 
0.1,0.3,0.1 
1.5,0.5,0.3 
2.8,2.0,2.6 
8.2,8.8,8.4 
2.2,1.4,1.3 
0.8,1.2,0.5 

Figure 4.7.7: Comparison of I d e n t i f i e r  Performance Using Optimal Inpu t  
To Using PRBS f o r  8 Mass S l inky  With Modelling Er ro r s  

Thus, Figure 4.7.1 i l l u s t r a t e s  t h r e e  th ings :  ( 1  1 t h e  opt imal  i n p u t  

performs b e t t e r  than  a PRBS, even when t h a t  PRBS has  been c a r e f u l l y  

chosen, using the  a p r i o r i  model of t h e  system, t o  perform w e l l  f o r  t h a t  

p a r t i c u l a r  system (an ' i n t e l l i g e n t '  b ina ry  sequence);  ( 2 )  while  some PRBSs 

may perform b e t t e r  than t h e  opt imal  i n p u t  f o r  l a r g e  modelling errors, a 

random choice is  more l i k e l y  t o  come up w i t h  a PRBS which i s  less 

e f f e c t i v e  than the  opt imal  i n p u t  than one which is b e t t e r ;  ( 3 )  the 

performance of t h e  opt imal  i n p u t  degrades i n  t h e  presence  of model l ing 

e r r o r s ,  bu t  so do many PRBSs. 
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4.8 Unknown Elements i n  Observation Matrix 

The elements  of t h e  C matr ix  i n  equat ion 4.3.4 are combinations of  

s e n s o r  c a l i b r a t i o n  f a c t o r s  and mode shapes. Usually,  t h e  c a l i b r a t i o n  

f a c t o r s  are known w e l l  and don’ t  need t o  be exper imenta l ly  measured. 

I f  t h e  s e n s o r s  and actuators are colocated,  then  t h e  elements of t h e  C 

mat r ix  c o n t a i n  no information which can’t be obta ined  by opt imiz ing  

wi th  respect t o  elements of t h e  B matrix. I f  t h e r e  is new mode shape 

informat ion  i n  the  C matr ix ,  then  opt imizing with respect t o  i ts  

elements  may be d e s i r a b l e .  Iden t i fy ing  unknown elements i n  C i s  a 

s p e c i a l  case of l i m i t i n g  s ta te  amplitude, as shown by t h e  simple 

example below: 

0 - x = A x + B u  - 
Y = rcl C 2 l X  

But x ( 0 )  = [ 0  0IT s i n c e  x ( 0 )  is fixed: - 
*1 

= [l ok 
yC1 

( t )  = [ o  o IT  + s1 

Thus, maximizing t h e  s e n s i t i v i t y  of t h e  o u t p u t  to  an element of C 

i s  equ iva len t  t o  maximizing the  e l e m e n t  of t h e  s t a t e  which it 

m u l t i p l i e s .  This i s  t h e  case of l imi t ing  s t a t e  amplitude us ing  a 

negat ive  W (see s e c t i o n  4.6, Limit ing State Amplitude). 
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4.9 M I M O  LSS 

Adding a t h r u s t e r  and senso r  on mass 2 of t h e  system i n  F igure  

4.6.1 (as shown i n  F igure  4.9.1) makes t h i s  a MIMO s t r u c t u r e .  This 

adds t h e  complexity of d i f f e r e n t  modal c o n t e n t  i n  t h e  d i f f e r e n t  

i npu t s .  Mass 2 i s  a t  t h e  node of t h e  f i r s t  f l e x  mode, so t h e  opt imal  

i n p u t  from a c t u a t o r  2 should have no mode 1 con ten t .  The opt imal  i n p u t  

from a c t u a t o r  1 should have a lot of mode 1 c o n t e n t  t o  make up f o r  the 

l ack  of e x c i t a t i o n  from a c t u a t o r  2. 

c1 c2 

F igure  4.9.1: Three Mass, Two Input ,  Two Output S l inky  

As expected, t h e  opt imal  i n p u t  on mass 2 i s  pure  mode 2, and t h a t  

on mass 3 is  p r i m a r i l y  mode 1 .  The f r equenc ie s  used f o r  t h i s  example 

a r e  1 and 4.3 rad /sec  (damping ra t io=.01  f o r  both modes). 4.3 w a s  used 

i n s t e a d  of 1.291 t o  make t h e  frequency c o n t e n t  of t h e  s i g n a l s  easier t o  

i d e n t i f y .  
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Figure 4.9.3 Optimizing With Respect to Two Frequencies 
f o r  a M I M O  LSS, Input 2 



4.10 Programming Considerat ions 

There are t w o  p o t e n t i a l l y  severe  problems with t h e  technique f o r  

f i n d i n g  optimal i n p u t s  (see Sec t ion  4.3): i nve r s ion  of a l a r g e  mat r ix  

and computation of independent e igenvec tors  f o r  repea ted  eigenvalues .  

Both problems are solved by t h e  same observa t ion  -- most of t h e  

elements of S ( t )  and X ( t )  i n  equat ion  (4.3.18) are ze ro  o r  n o t  needed 

t o  c a l c u l a t e  t h e  opt imal  input .  
- - 

The easiest way t o  c l a r i f y  t h i s  i s  to  work through t h e  equa t ions  

f o r  a low dimensional example. (To save space,  ' X I  is  used t o  i n d i c a t e  

non-zero elements i n  t h e  l a r g e r  matr ices . )  Consider a SISO system wi th  

2 f l e x i b l e  modes, and opt imize w i t h  r e s p e c t  t o  t h e  damping r a t i o  of t h e  

f i r s t  mode, weighted by 1: 

- 
o x o o x x o 0  
0 0 0 0 0 0 0 1  

r o  1 0 0 1  

0 
0 
0 
0 

(4.3.1) + = -25 0 0  w 0 
O I  

0 0 1 1  

-2 -9 0 
L 51 w1 J 

c l  13 1.4 C 12 C 1 1  (4.3.2) + y = [ 

(4.3.5) + 6 = 

X - U 

L 
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The boundary condi t ions  i n  equat ion  4.3.15 g ive  

and A 3  and X4 zero  a t  t=T. The equat ions  a t  t h e  bottom of the  previous 

page show t h a t  t hese  v a r i a b l e s  are p a r t  of unforced, uncoupled second 

order  systems. With zero  boundary cond i t ions ,  they w i l l  always be 

zero.  Further  examination shows t h a t  s 3 ,  (4, X7, and A B ,  while  

poss ib ly  non-zero because they a r e  d r iven  by o t h e r  v a r i a b l e s ,  do n o t  i n  

t u r n  d r ive  any o t h e r  v a r i a b l e s ,  so they a r e  n o t  needed t o  so lve  the  

problem. El iminat ing these  8 var i ab le s :  

and (8 zero  a t  t = O  

- - 
0 1 0  0 1 0  0 0 0 
x x o o  o x 0 0  
0 0 0 1 1 0  0 0 0 

0 0 0 0  - l x o x  

o o x x  
0 0 x X I 0  0 0 x 

( 0  0 - l x  - - 
The r e s u l t i n g  system i s  ha l f  t he  o r i g i n a l  s i z e  and has no repea ted  

eigenvalues .  (As demonstrated i n  Figure 4.6.2, t h e  e igenvalues  w i l l  

a l l  approach - 5 0  wo T w o  /--: as the  experiment t i m e  l engthens ,  

b u t  they a r e  a l l  d i s t i n c t . )  

I f  a t  l e a s t  one parameter from every mode i s  included i n  t h e  

opt imiza t ion ,  then no v a r i a b l e s  can be e l imina ted ,  bu t  t h e r e  a r e  no 

repea ted  eigenvalues .  For every parameter i n  the  opt imiza t ion ,  the 

number of v a r i a b l e s  which need t o  be kept  i s  2 f o r  t he  s e n s i t i v i t y  f o r  

t h a t  parameter, 2 f o r  i t s  c o s t a t e ,  p lus  2 f o r  each mode involved and 2 

f o r  each of those c o s t a t e s .  The t o t a l  ranges from 4*r + 4 t o  %*r ,  

depending on t h e  number of modes involved (where r = number of 

parameters i n  t he  op t imiza t ion ) .  

I f  the t i m e  h i s t o r y  of any of t h e  de l e t ed  v a r i a b l e s  i s  of 

i n t e r e s t ,  it can be e a s i l y  recovered by sav ing  the  appropr i a t e  rows of 

t h e  eigenvector  matr ix  i n  equat ion  4.3.18. The reduced s i z e  system i s  

used t o  c a l c u l a t e  t he  B i  i n  t he  columns of @ which correspond t o  

nonzero values of y i ,  and t o  c a l c u l a t e  those non-zero values .  
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Chapter 5: Resu l t s  for  a Typical LSS 

A l l  t he  examples used i n  t h e  previous chap te r s  were s l i n k y s ,  which 

w e r e  u s e f u l  f o r  l e a r n i n g  the  c h a r a c t e r i s t i c s  of t he  RLLS algori thm and 

f o r  comparing d i f f e r e n t  a lgori thms.  A system which more c l o s e l y  

resembles a t y p i c a l  LSS i s  d e s i r a b l e  for  f i n a l  v e r i f i c a t i o n .  Also, t h e  

d a t a  from such a model is  more e a s i l y  compared to  d a t a  presented  by 

o t h e r  r e sea rche r s .  This chapter  presents  such a model and a p p l i e s  t he  

i d e n t i f i c a t i o n  algori thms of Chapters 2 and 3 and t h e  opt imal  i n p u t  

from Chapter 4 to  it. 

5.1 Dual  K e e l  Space S t a t i o n  Model 

A s  a r e s u l t  of NASA's prel iminary work on des igning  a space 

s t a t i o n ,  models of a l i k e l y  space s t a t i o n  have been developed. One of 

t h e s e  models -- t he  "dual  kee l"  -- w a s  chosen as the  example of a 

typical  LSS. Figure 5.1.1 i s  a drawing of t h i s  LSS. One of t h e  

problems i n  assembling such a l a r g e  s t r u c t u r e  with c u r r e n t  technology 

i s  t h a t  i t  cannot  be assembled on one t r i p  t o  o r b i t .  

w i l l  be d i f f e r e n t  a f t e r  each t r i p ,  w i t h  o r b i t a l  maintenance requi red  

between t r i p s .  Iden t i fy ing  the  s t r u c t u r e  c h a r a c t e r i s t i c s  a s  t h e  

s t r u c t u r e  grows w i l l  be necessary t o  s a f e l y  and e f f e c t i v e l y  c o n t r o l  t he  

s t a t i o n  between assemblies .  

The conf igu ra t ion  

The p a r t i c u l a r  s t a g e  used i n  t h i s  chap te r  would be t y p i c a l  of t he  

s t a t i o n  conf igu ra t ion  a f t e r  4 assembly f l i g h t s .  This corresponds t o  

Figure 5.1.1 without  t he  modules i n  t h e  c e n t e r  and without  t h e  4 bays 

and the  ins t rument  s torage .  The r e s u l t i n g  s t r u c t u r e  has a mass of 

34,000 kg. It measures 405 meters from t i p  t o  t i p  of t h e  booms 

ca r ry ing  the  s o l a r  a r r ays .  The d u a l  kee l  box measures 306 by 108 

meters. The simulated measurements a re  generated by a NASTRAN model 

which d iv ided  t h e  s t a t i o n  i n t o  157 nodes as shown i n  Figure 5.1.2. 

(Note t h a t  t h e  s t r u c t u r e  f o r  the c e n t r a l  modules i s  i n  p l ace  even 

though the moduies a r e n ' t .  ) Each gap shcwn ir? t h e  f i g u r e  is  a node. 

The numbered nodes a r e  where ac tua to r s  and/or s enso r s  w e r e  p laced.  

(The node numbering i s  t h a t  used i n  the NASTRAN output .  Adjacent nodes 

do no t  always have s e q u e n t i a l  numbers.) 
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Figure 5.1.1: Dual Keel Space Station 
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F i g u r e  5.1.2: NASTRAN Model of the Dual Keel Space S ta t ion  

A f t e r  4 Assembly F l i g h t s  
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t 

Mode 1 2 3 4 5 6 7 8 
Frequency 0.0000 0.0000 0.0000 0.0000 0,0000 0.0000 1.2977 1.3543 

Mode 9 10  11 12  13 14  1 5  1 6  
Frequency 1.3568 1.3734 1.3771 1.3980 1.4045 1.4257 2.3855 2.5701 

Mode 17  18  19 20 21 22 23 24 
Frequency 2.8274 3.1788 3.2922 3.3652 3.9364 4.11 65 4.731 2 4.7837 

Mode 25 26 27 28 29 30 
Frequency 6.1456 6.5253 7.891 4 8.0491 8.0507 8.0994 .. 

Model S ize  

The NASTRAN model inc luded  6 r i g i d  body modes and 24 f l e x i b l e  

modes ranging from 1.3 rad /sec  ( - 2 1  HZ) t o  8.1 r ad / sec  (1.3 Hz), as 

listed i n  t h e  fo l lowing  t a b l e .  

J 

The o r i g i n a l  i n t e n t i o n  w a s  t o  use  a l l  30 modes. Unfor tuna te ly ,  this 

turned  out t o  be  n o t  f e a s i b l e  due t o  the c l o s e  spac ing  of the  f i r s t  8 

f l e x i b l e  modes. 

As f requencies  g e t  more c l o s e l y  spaced, f i n i t e  accuracy e r r o r s  

beg in  t o  cause problems. F i n i t e  accuracy e r r o r s  are i d e n t i f i e d  by: ( 1 )  

f a i l u r e  of t h e  a lgor i thm t o  converge e x a c t l y  t o  t h e  known model i n  a 

f i n i t e  number of s t e p s  i n  t h e  absence of no i se ;  ( 2 )  s i g n i f i c a n t  changes 

i n  the r e s u l t s  when t h e  numerical p r e c i s i o n  of t h e  computer code is  

changed. Both of t h e s e  were observed i n  the s imula t ions .  

This causes two problems. The f i r s t  problem i s  tha t  sampling r a t e  

becomes very important.  A sampling ra te  between t h e  Nyquist frequency 

and twice the Nyquist frequency of t h e  c l o s e l y  spaced modes i s  best f o r  

minimizing the e f f e c t s  of f i n i t e  accuracy er ror24 .  

a l i a s i n g ,  t h i s  l i m i t s  the  modes inc luded  i n  t h e  model t o  those  i n  t h a t  

c luster  or  a few nearby c l u s t e r s ,  depending on t h e  spacing. The second 

problem is t h a t  t h e  round o f f  e r r o r s  i ncu r red  by u s i n g  t h e  larger 

matrices requi red  by t h e  i d e n t i f i e r  f o r  l a r g e  models become more 

s i g n i f i c a n t .  

TO p reven t  

The r e s u l t  is  t h a t  a smaller model had t o  be used. One way t o  

make the  system look smaller is t o  use a band pass f i l t e r  t o  i s o l a t e  

c l u s t e r s  of modes. This w a s  s imula ted  by us ing  the  f i r s t  e i g h t  
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f l e x i b l e  modes a s  t h e  s t a t i o n  model. Even so,  t h e  c l o s e  spacing of the  

e i g h t  modes means t h a t  t he  i d e n t i f i c a t i o n  problem i s  more d i f f i c u l t  

than f o r  t h e  e i g h t  mode cases  examined i n  Chapters 2 and 3. 

Unfortunately,  t h i s  e i g h t  mode model i s  a poor t es t  f o r  t h e  

opt imal  i n p u t  algorithm. When the modes are so c l o s e  toge the r ,  a 

square  wave a t  t h e  center frequency of t h e  c l o s e l y  spaced modes g i v e s  

r e s u l t s  very s i m i l a r  t o  the  opt imal  input .  The opt imal  i n p u t  a lgori thm 

would be more va luable  on a LSS such as t h e  Langley Mast f l i g h t  

experiment2 ( f i r s t  f i v e  f l e x i b l e  modes a t  .97, 1.3, 9.1, 9.2, and 

17.2 r ad / sec )  o r  the  Ga l i l eo  spacecraf t7  ( f i r s t  f i v e  f l e x i b l e  modes 

a t  69.6, 70.3, 93.8, 94.7, and 102.7 rad /sec) .  

5.2 Simulat ion Environment 

Noise sources  
I 
I 
I 

In a d d i t i o n  t o  the  measurement noise used i n  the  examples i n  t h e  

prev ious  chap te r s ,  system d i s tu rbance  is  included i n  the  form of 

g r a v i t y  g r a d i e n t  and atmospheric drag. 

The s t a t i o n  is o r i en ted  with t h e  z a x i s  ( t h e  long d i r e c t i o n  of t h e  

d u a l  k e e l  box, see Figure 5.1.2) pointed toward t h e  c e n t e r  of t h e  

e a r t h .  This o r i e n t a t i o n  is s t a b i l i z e d  by g r a v i t y  g r a d i e n t  f o r c e s .  The 

inpu t s  used t o  e x c i t e  t he  s t r u c t u r e  for  i d e n t i f i c a t i o n  cause v a r i a t i o n s  

from this s t a b l e  p o s i t i o n ,  genera t ing  unaccounted-for g r a v i t y  g r a d i e n t  

f o r c e s  on the  s t r u c t u r e .  The g r a v i t y  model assumes a homogeneous, 

s p h e r i c a l  e a r t h  with the  s t a t i o n  i n  a c i r c u l a r ,  500 km o r b i t .  

Since the  t i m e  scale of t he  experiments is s h o r t  (on the  order  of 
-1 2 

5 t o  10 minutes) ,  t he  atmospheric model is  a cons t an t  d e n s i t y  of 10 

kg/m? The drag  i s  almost  e n t i r e l y  from t h e  s o l a r  cel l  pane ls .  

The measurement noise  is  the  same as i n  previous examples i.e. 

Gaussian white no i se  generated by a random no i se  genera tor  and added t o  

t h e  measurements. 

Sensors and Actuators  

Since the  c l u s t e r s  of f l e x i b l e  modes a r e  p r imar i ly  due t o  s o l a r  

c e l l  pane l  motion, t h e  senso r s  and ac tua to r s  were placed on the  

pane ls .  There w e r e  fou r  a c t u a t o r s ,  2 f i r i n g  i n  the  x d i r e c t i o n  a t  

nodes 129 and 137, and 2 in y a t  t h e  sane nodes (see f i g u r e  5.1.2) 
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Mode 7, Flex mode 1 Mode 8, Flex mode 2 

Mode 9, Flex mode 3 Mode 10, Flex mode 4 

Figure  5.1.3: Mode Shapes f o r  Space Station, F i r s t  Four F l e x i b l e  Modes 
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Mode 11,  Flex mode 5 Mode 12 ,  Flex mode 6 

Mode 13, Flex mode 7 Mode 14, Flex mode 8 

Figure 5.1.4: Mode Shapes for  Space Station, Second Four F lex ib l e  Modes 
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two combinations of s enso r s  w e r e  used: ( 1 )  f o u r  p o s i t i o n  senso r s ,  2 

measuring i n e r t i a l  displacement i n  t h e  x d i r e c t i o n  a t  nodes 129 and 

135, and 2 measuring i n e r t i a l  d i sp lacement  i n  t h e  y d i r e c t i o n  a t  nodes 

127 and 137; ( 2 )  t hose  f o u r ,  p l u s  2 measuring i n e r t i a l  y a t  nodes 229 

and 235 and 2 measuring i n e r t i a l  x a t  nodes 227 and 237. 

5.3 R e s u l t s  

The op t ima l  i n p u t  f o r  t h e  4 t h r u s t e r s  i s  shown i n  F igures  5.3.1 

and 5.3.2. The i n p u t  w a s  c a l c u l a t e d  by opt imiz ing  wi th  respect t o  

frequency wi th  weighting f a c t o r s  of .01, .02, .04, .0065, .01575, 

.0179, .004, .003 on t h e  e i g h t  f l e x i b l e  modes. This choice  

approximately e q u a l i z e s  t h e  i n t e g r a t e d  s e n s i t i v i t y  of t h e  ou tpu t s  wi th  

respect to each of t h e  e i g h t  mode f requencies .  The sample-and-hold 

i n p u t  used i n  the s imula t ion  i s  shown i n  F igures  5.3.3 and 5.3.4. 

t h e  s t rong  a l i a s i n g  of t h e  s i g n a l  f o r  t h i s  case, where t h e  sample ra te  

i s  c l o s e  t o  the  dominant frequency of t h e  s i g n a l .  The i n p u t  f o r  t h e  

suboptimal i d e n t i f i e r  is  t h e  opt imal  i n p u t  r epea ted  f o u r  t i m e s ,  as 

shown i n  F igure  5.3.5 f o r  a c t u a t o r s  1 and 2. 

N o t e  

The f i r s t  case s t u d i e d  w a s  t h e  f o u r  s enso r  case. When t h e  same 

SNR (100) which w a s  used i n  t h e  Chapters 2 and 3 examples w a s  used, 

on ly  four  o f  t h e  e i g h t  modes were c o r r e c t l y  i d e n t i f i e d  by t h e  op t ima l  

i d e n t i f i e r ,  as shown i n  Table 5.3.1. The performance improves markedly 

wi th  SNR. In t h e  Table 5.3.2 r e s u l t s ,  t h e  SNR has  been inc reased  t o  

1000. While t h e  damping r a t i o  estimates are poor,  a l l  e i g h t  

f requencies  were i d e n t i f i e d  t o  wi th in  4%. 

which had one-quar te r  t h e  number of computations per c y c l e ,  a l s o  

i d e n t i f i e d  a l l  e i g h t  f r equenc ie s  t o  wi th in  4%. 

i d e n t i f i e r  performed better than t h e  opt imal  i n  terms of frequency 

e r r o r  ( 2 %  maximum e r r o r )  f o r  t h i s  p a r t i c u l a r  run. The damping e r r o r  

w a s  worse, however.) The i d e n t i f i e d  mode shapes f o r  t h e  opt imal  i n p u t  

case, SNR = 1000, i s  shown i n  Figures 5.3.6-7. 

The suboptimal i d e n t i f i e r ,  

(The suboptimal 

As s tudied  i n  r e fe rence  12 ,  f o r  c l o s e l y  spaced modes, 

i d e n t i f i c a t i o n  accuracy can be improved by i n c r e a s i n g  t h e  number of 

s e n s o r s  t o  equa l  t h e  number of c l o s e l y  spaced modes. As shown i n  Table 

5.3.3, using 8 senso r s  g ives  bet ter  estimates a t  a S N R  of 100 than 4 
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Mode True Damped O p t i m a l  
Frequency E s t i m a t e  

1 
2 
3 
4 
5 
6 
7 
a 

(a) I d e n t i f i e d  Frequencies 

1.2976 1 3202 
1.3542 *los t  
1 3567 1.3650 
1 3733 l o s t  
1.3770 1.3811 
1.3879 l o s t  
1 4044 l o s t  
1 4256 1.4243 

6 
7 
8 

(b) 

Damping Optima 1 
Ratio E s t i m a t e  

~ 

.Ol e0463 . 

. O l  - 

.Ol -01 80 . 01 - 

. O l  .0185 
:o 1 - 
.01 - 
.Ol 0056 

I d e n t i f i e d  Damping R a t i o s  

Table 5.3.1 : I d e n t i f i e d  Frequencies and Damping Ratios, 
4 Sensors,  S N R  = 100 

* 
l o s t  means i d e n t i f i e d  as a pair  of rea l  roots i n s t e a d  of a complex 

conjugate  p a i r  o r  e r r o r  i n  frequency estimate g r e a t e r  than  50% 
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Mode True Damped Optimal Suboptimal 
Frequency Estimate E s t i m a t e  

8 

1 . 2976 1.2978 1 . 2974 
1.3542 1.3515 1 3620 
1 . 3567 1 e 3634 1 3641 
1 3733 1.4258 1.4057 
1 3770 I. 3802 1 3763 
1 . 3879 1.3967 1 . 3927 
1.4044 1.3917 1.41 14 
1 . 4256 1.4250 1.4214 

(a 1 I d e n t i f i e d  Frequencies 

I Damping O p t i m a l  Suboptimal 
Ratio Estimate E s t i m a t e  

Mode I 

6 
7 

~~ ~ ~~ ~~ ~ . 01 e0105 . .0217 
001 -01 03 -0032 
.01 -01 32 -0116 . 01 2203 8049 
.Ol e 0 1  69 001 57 
.Ol .0119 .0146 
.Ol -0491 1065 
.01 .0145 .0182 

( b )  I d e n t i f i e d  Damping R a t i o s  

Table  5.3.2: I d e n t i f i e d  Frequencies and Damping Ra t ios ,  
4 Sensors,  SNR = 1000 
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Figure  5.3.7: Imaginary Part  of I d e n t i f i e d  Mode Shapes, 
4 Sensors,  SNR = 1000 

* I n t e g e r s  are mode number; d e f l e c t i o n s  about  0 f o r  each i n t e g e r  
are t h e  mode shape 
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True Damped O p t i m a l  Suboptimal 
Frequency E s t i m a t e  E s t i m a t e  I Mode I 

1 
2 

4 
5 
6 
7 
8 

. 3  

~~ ~~ ~~ 

1.2976 1 2958 1.2991 
1.3542 1.3547 1 3521 
1.3567 1.3612 1 3545 

1.3748 1.3733 1.3616 
1.3770 1.3760 
1.3879 1.3980 1 3959 
1.4044 1.3991 1 4057 
1.4256 1.4224 1.4265 

1 3838 

( a )  I d e n t i f i e d  Frequencies 

O p t i m a l  Suboptimal 
Est imate  Estimate 

1 
I 2 

3 
4 
5 
6 
7 
8 I 

0 01 -0107 . .0107 
.Ol .0126 .0003 
.01 0241 .0105 
001 .0130 .0093 
.Ol .0102 .0084 
.Ol -01 17 .0127 
0 01 001 75 -01 48 
.01 -01 27 0094 

(b) I d e n t i f i e d  Damping R a t i o s  

Table 5.3.3: I d e n t i f i e d  Frequencies and Damping Rat ios ,  8 Sensors,  
S N R  = 100 
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s i g n i f i c a n t  improvement over t he  4 sensor  case .  The i d e n t i f i e d  mode 

shapes a r e  shown i n  Figures 5.3.8-9. (The t r u e  mode shapes look 

d i f f e r e n t  from the previous case  because t h e r e  a r e  8 sensors .  The 

f i r s t  ha lves  of t h e  t r u e  mode shapes i n  Figures  5.3.8-9 a r e  the  same 

t h e  t r u e  mode shapes i n  Figures  5.3.6-7. ) 

As mentioned e a r l i e r ,  a good PRES i n p u t  i s  easy t o  p ick  f o r  t h e  

c l o s e l y  spaced modes case. Such an input  i s  shown i n  Figure 5.3.10. 

It  is  a square  wave a t  the  c e n t e r  frequency of t h e  c l o s e l y  spaced 

modes. The i n p u t s  from a c t u a t o r s  1 and 2 have the  same t i m e  h i s t o r y ,  

as do i n p u t s  from a c t u a t o r s  3 and 4. The phasing between these  two 

pairs was explored a l i t t l e ,  b u t  it appeared t o  have no s i g n i f i c a n t  

55 

a s  

e f f e c t  on t h e  r e s u l t s .  The i d e n t i f i c a t i o n  r e s u l t s  a r e  presented  i n  

Table 5.3.4 f o r  t w o  phasing p a t t e r n s .  The r e s u l t s  a r e  s i m i l a r  t o  those 

f o r  t h e  opt imal  i n p u t  i.e. t h e  maximum frequency e r r o r  is  1.5%. 

Is t h i s  s t i l l  t r u e  i n  the  presence of modelling e r r o r s ?  Modelling 

e r r o r s  w e r e  s imulated by moving the  cen te r  frequency of t h e  c l u s t e r e d  

modes down 10% and spreading the  modes evenly over the  i n t e r v a l .  The 

opt imal  i n p u t  w a s  t he  same a s  t h e  one used i n  the  previous paragraphs.  

The i d e n t i f i e r  e s t ima tes  a r e  shown i n  Table 5.3.5. Two cases a r e  

presented.  For t h e  f i r s t  case ,  t he  s imulat ion w a s  exac t ly  the  same as 

t h e  no modelling e r r o r s  case except  the f requencies  were changed. This 

r e s u l t e d  i n  a much lower S N R  (=30) because the  s t r u c t u r e  was n o t  a s  

s t r o n g l y  exc i ted .  If  t h i s  happened i n  p r a c t i c e ,  t h e  most l i k e l y  r e s u l t  

i s  t h a t  t h e  ope ra to r  would inc rease  the i n p u t  u n t i l  t h e  LSS began t o  

h i t  t he  deadbands. The r e s u l t s  f o r  t h a t  procedure a r e  a l so  shown i n  

Table 5.3.5, and they are much b e t t e r .  In f a c t ,  they  a r e  b e t t e r  than 

t h e  no modelling e r r o r s  case  f o r  t he  same SNR ( = l o o ) .  This is  due t o  

the  modes being less c l o s e l y  spaced. That he lps  t h e  i d e n t i f i e r  more 

than the  modelling e r r o r  h u r t s  it. The i d e n t i f i e d  mode shapes a r e  

shown i n  Figures  5.3.11-5.3.13. 

To summarize the  r e s u l t s ,  t he  conclusions drawn i n  previous 

chap te r s  (i.e. ( 1 )  t h e  opt imal  algorithm can be used  t o  a c c u r a t e l y  

i d e n t i f y  a LSS; ( 2 )  t he  suboptimal algorithm prnvides  e s t ima tes  cn ly  

s l i g h t l y  worse than t h e  optimal;  ( 3 )  using the  opt imal  i n p u t  improves 

i d e n t i f i e r  performance) have been demonstrated on a more complicated 

model. The o v e r a l l  performance w a s  degraded due to  the  extremely c l o s e  

spacing of t he  f l e x i b l e  modes. 
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1 
2 
3 
4 
5 
6 
7 
8 

True Damped *PRBS 1 *PRBS 2 
Frequency E s t i m a t e  Estimate I Mode I 

~ 

.Ol -0098 . .0101 

.Ol m0096 .0101 . 01 001 04 .0112 . 01 -1126 .0115 

.Ol .0108 .0099 
..Ol 0468 0859 
001 -01 07 .0110 . 01 001 02 .0110 

I Mode 

~ ~~~~ 

1.2976 1 2984 1 2982 
1 . 3542 1.3707 1 3584 
1 3567 1 3557 1 3576 
1 3733 1.3636 1 3768 
1 . 3770 1 3768 1 3775 
1 3879 1 3693 1 . 3589 
1 4044 1.4020 1 . 4020 
1.4256 1.4242 1.4245 

( a )  I d e n t i f i e d  Frequencies 

Damping PRBS 1 PRBS 2 
Rat io  E s t i m a t e  E s t i m a t e  

( b )  I d e n t i f i e d  Damping Ra t ios  

Table  5.3.4: I d e n t i f i e d  Frequencies and Damping Ratios, 
PRBS Input ,  8 Sensors, S N R  = 100 

* 
PRBS 1 has  a c t u a t o r s  2 and 4 s h i f t i n g  phase wi th  respect to  a c t u a t o r s  

1 and 3 eve ry  40 steps (4.6 seconds) ;  PRBS 2 swi tches  phase every  80 
steps (9.2 seconds) .  PRBS 2 i s  shown i n  F igure  5.3.6. 
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O p t i m a l  O p t i m a l  
Mode True Damped E s t i m a t e  E s t i m a t e  

Frequency SNR=3 0 SNR= 1 00 

6 
7 
8 

1.1600 1.1771 1.1605 
1.1800 1.2060 1.1801 
1.2000 1.2279 1 2004 
1.2200 1.2603 1.2198 
1 2400 1 2524 1.2397 
1 2600 1 2683 1.2601 

1 2960 1.2792 1 2800 
1.3000 1 3609 1 2997 

(a 1 I d e n t i f i e d  Frequencies 

O p t i m a l  O p t i m a l  
Damping Estimate E s t i m a t e  

R a t i o  SNR=30 SNR=1 00 

0 01 0281 001 01 
.Ol .0167 .0105 
.Ol -0204 -01 16 
.Ol 0257 .0122 

5 .Ol .1251 .0108 
6 .Ol .OS24 .0105 
7 .Ol .0193 .0103 
8 .01 .3447 .0100 

( b )  I d e n t i f i e d  Damping Rat ios  

Table 5.3.5: I d e n t i f i e d  Frequencies and Damping Ratios i n  t he  
Presence of Modelling Er ro r s ,  O p t i m a l  Input ,  8 Sensors 
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*Integers  are  mode number; de f l ec t ions  about 0 for each in teger  
are the  mode shape 
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Chapter 6: Conclusions and Recommended Future  Work 

The goa l  of t h i s  t h e s i s  was t o  c rea t e  an i d e n t i f i c a t i o n  package 

(model + i npu t s  + a lgor i thm)  which was wel l -sui ted t o  the  

c h a r a c t e r i s t i c s  of real- t ime i d e n t i f i c a t i o n  of LSSs . 
The f i r s t  step w a s  t o  use t h e  LSS c h a r a c t e r i s t i c s  (no prototype 

a v a i l a b l e  i n  o r b i t ,  c l o s e l y  spaced modes, v a r i a t i o n s  i n  apparent  model 

s i z e  when modes are underexci ted,  need f o r  a s ta te  space model) t o  

select an algori thm. This e s t a b l i s h e d  RLLS as the  b a s e l i n e  algori thm. 

Simulat ion r e s u l t s  on simple s t r u c t u r e s  demonstrated t h a t  t h i s  

a lgori thm: 

( 1 1 a c c u r a t e l y  i d e n t i f i e d  LSSs ,  

( 2 )  w a s  as f a s t  as predic ted ,  

( 3 )  w a s  t o l e r a n t  of v a r i a t i o n s  i n  apparent  numbers of modes, 

( 4 )  could i d e n t i f y  c l o s e l y  spaced modes, 

(5) generated a s t a t e  space model which w a s  u s e f u l  f o r  

c o n t r o l  and f o r  ve r i fy ing  f i n i t e  element models. 

The next  s t e p  w a s  t o  examine ways t o  i n c r e a s e  t h e  cyc le  r a t e  of 

t he  algorithm. F i r s t ,  reformulat ing t h e  RLLS algori thm (as presented  

i n  t h e  l i t e r a t u r e )  a s  t w o  i n t e r l o c k i n g  Kalman f i l t e r s  e l imina ted  some 

computations with no loss of i d e n t i f i c a t i o n  accuracy. Second, two 

( r e l a t e d )  ways were proposed which would decrease  the  cyc le  r a t e  

( i n v e r s e  of CPU seconds per measurement > sample r a t e  f o r  a real-time 

a lgo r i thm)  and/or i nc rease  the  number of modes with no increase  i n  

cyc le  r a t e .  The b e t t e r  of t hese  i s  p a r a l l e l  processing,  which g ives  

t h e  increased  cyc le  rate/more modes with no i d e n t i f i c a t i o n  accuracy 

penal ty .  In the  absence of p a r a l l e l  processing c a p a b i l i t y ,  t he  second 

approach uses  t he  s t r u c t u r e  of t he  RLLS algori thm t o  s imula t e  p a r a l l e l  

p rocess ing  i . e .  do the  blocks of computation s e r i a l l y .  This approach 

was demonstrated i n  s imula t ion  t o  increase  t h e  cycle r a t e  by a f a c t o r  

of four  with l i t t l e  decrease i n  the  accuracy of t he  i d e n t i f i e d  

parameters.  In theory ,  p a r a l l e l  processing (and t h e  suboptimal 

technique up t o  the  l i m i t  of allowable i d e n t i f i c a t i o n  e r r o r )  e l i m i n a t e s  

- 



164 

t h e  cyc le  r a t e  pena l ty  f o r  i n c r e a s i n g  model s i z e .  (Although, s i n c e  

t o t a l  CPU t i m e  is cons t an t ,  t h i s  i s  achieved a t  a s imilar  p e n a l t y  i n  

l e n g t h  of d a t a  run.) I n  practice,  t h e  model s i z e  i s  s t i l l  l i m i t e d  by 

f i n i t e  accuracy and o b s e r v a b i l i t y  cons ide ra t ions .  

The s imula t ion  r e s u l t s  from t h e  above work i n d i c a t e d  t h a t  the 

s t anda rd  PRBS i n p u t  w a s  n o t  always adequate f o r  good i d e n t i f i c a t i o n .  

An a lgor i thm w a s  developed f o r  us ing  t h e  a p r i o r i  knowledge of t h e  

system to  gene ra t e  an i n p u t  which w a s  more e f f e c t i v e .  

t h e  form of c o e f f i c i e n t s  of s i n e s ,  cos ines ,  and exponen t i a l s  r a t h e r  

than a t a b l e  of va lues .  This e l i m i n a t e s  t h e  s t o r a g e  requirements of a 

l a r g e  t ab le .  

i n p u t  us ing  the opt imal  i n p u t  and PRBSs shows t h a t  even when t h e r e  are  

small  e r r o r s  i n  t h e  f r equenc ie s  used t o  gene ra t e  t h e  opt imal  i n p u t ,  it 

s t i l l  works b e t t e r  than a PRBS. Even when t h e  f r equenc ie s  are known 

very  poorly,  an i n p u t  generated us ing  t h e  opt imal  i n p u t  a lgor i thm and 

assumed f requencies  spaced evenly over an i n t e r v a l  around the  expec ted  

system frequency w i l l  outperform a PRBS. 

The i n p u t  i s  i n  

Evalua t ing  t h e  c o s t  func t ion  used t o  create t h e  opt imal  

Recommended Future  Work 

F i n i t e  Accuracy Er ro r s  

The space s t a t i o n  example s imula ted  a way t o  make a l a r g e  system 

look smaller t o  handle c l o s e l y  spaced modes. It s imula ted  us ing  a 

bandpass f i l t e r  t o  i s o l a t e  c l u s t e r s  of modes. The problem is t h a t  i t  

r e q u i r e s  good knowledge of the  f r equenc ie s  of t h e  gaps between 

c l u s t e r s .  Designing and eva lua t ing  a procedure t o  do t h i s  (e.9. by 

u s i n g  an FFT t o  f i n d  t h e  gaps,  then  a s e t  of over lapping  bandpass 

f i l t e r s  t o  i d e n t i f y  t h e  model) would be va luable .  

Another p o s s i b i l i t y  would be t o  exp lo re  ways t o  dec rease  t h e  e r r o r  

o r  i t s  e f f e c t s  (as has  a l r e a d y  been done t o  some e x t e n t  by u s i n g  t h e  

UDUT formulation f o r  t h e  covar iance  matrices 1. 
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O p t i m a l  I npu t  

The c o s t  f u n c t i o n  used to  create t h e  op t imal  i n p u t  w a s  q u a d r a t i c  

The r e s u l t i n g  i n p u t  i n  t h e  o u t p u t  s e n s i t i v i t i e s  and i n p u t  magnitude. 

makes e f f i c i e n t  u se  of t h e  a c t u a t o r s  by t a i l i n g  o f f  towards t h e  end of 

t h e  data run  when a given amount of t h r u s t  does less good than  ear l ier  

i n  the experiment. This is appropriate when f u e l  usage needs t o  be 

minimized. I t  would be i n t e r e s t i n g  t o  compare these i n p u t s  t o  those  

gene ra t ed  u s i n g  j u s t  t h e  practical  c o n s t r a i n t s  t h a t  1.1 I Umax and 

I x (  Xdeadband* 
The optimal i n p u t  as der ived  is a continuous inpu t .  In  t h i s  

thesis, the d i s c r e t e  i n p u t  is obta ined  by apply ing  sample-and-hold t o  

t h i s  s i g n a l .  When t h e  sampling frequency is  near  t h e  primary 

f r equenc ie s  i n  t h e  i n p u t ,  t h i s  can s i g n i f i c a n t l y  d i s t o r t  the s i g n a l .  A 

s t u d y  of how s i g n i f i c a n t  t h i s  e f f e c t  i s  might' be informat ive .  

Monitoring Apparent System S i z e  

S i n c e  t h e  RLLS v a r i a b l e s  3 and 3 are a measure of the amount 

of new informat ion  conta ined  i n  each a d d i t i o n a l  o r d e r  of t he  

i d e n t i f i e r ,  monitoring t h e s e  might provide real-time estimates of t h e  

appa ren t  system s i z e .  This could prevent spu r ious  modes from being 

mistaken f o r  rea l  modes. S tud ie s  of a tes t  (such as a whiteness t e s t )  

t o  detect  t h e  presence  or spur ious  modes cou ia  be u s e f u i .  

Other I d e n t i f i c a t i o n  I s s u e s  

The space s t a t i o n  r e s u l t s  were gene ra l ly  poorer  than  t h e  s l i n k y  

r e s u l t s  because of t h e  c l o s e  modal spacing. There i s  a l s o  t h e  q u e s t i o n  

of s enso r  and a c t u a t o r  placement. These areas need t o  be explored  

f o r  best i d e n t i f i e r  performance. 
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Appendix A: Der iva t ion  of Recursive Latt ice Leas t  Squares 

A.1 Derivat ion of RLLS a s  an Orthogonal P ro jec t ion  

The fol lowing d e r i v a t i o n  is  reproduced from r e f .  10, wi th  some 

no ta t iona l  changes t o  match t h e  rest of t h i s  t h e s i s .  

Suppose t h e  system model is: 

T T 
where: - x ( t )  = (m+p) x 1 vec to r  of r e g r e s s o r s  = [y ( t )  5 ( t ) I T  

G(:) = (m+p)x(m+p) matr ix  of regress.or c o e f f i c i e n t s  

N = assumed order  of t he  model 

Looking on t h i s  equat ion a s  a p r e d i c t o r  of x( t ) ,  minimize i n  t h e  l e a s t  

squares  sense t h e  p r e d i c t i o n  e r r o r :  

The choice of G ( N )  which w i l l  g ive  the  minimum e r r o r  is  ( r e f .  M,  p .  

1 9 ) :  
1 
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(a  ( t + l )  x(m+p) matr ix  1 

S u b s t i t u t i n g  equat ion  A 2  i n t o  equat ion A1 : 

e ( t )  = x(t)  - xT xT ( X  xT 1-l ( l a s t  column of x 1 
-N -t N , t  N , t  N , t  N, t 

= xT n - xT XT (X XT 1-l x n 
N, t? -t- -t N , t  N , t  N , t  

T T 
--N -t N , t  N , t  N , t )  ' N , t ) X  = x  --t ( I -  P(XN,,) e ( t )  = x ( I  - x (X xT -' T 

T where: 4 [0 * * *  0 1 ] (a ( t + l )  column v e c t o r )  

xT I-' x = pro jec t ion  ope ra to r  which ' ( 'N, t )  = x:, t(XN,t N , t  N, t 

s, t p r o j e c t s  on the  space spanned by the rows of 

S i m i l a r l y  f o r  t h e  backward p red ic t ion  e r ro r s :  

(A4 1 

N + l  T * * *  0 x ( 0 )  * * *  x(t-N-1)) = x s h i f t e d  N + l  t imes.  -t % = to --  - where: 

Note t h a t  t he  r i g h t  hand s i d e s  of equat ion A 4  and equat ion  A 5  a r e  

of t h e  form V T I I - P ( S ) ] W  where V and W are  matrices and vec to r s  and 

ria) is a p r o j e c t i o n  ope ra to r ,  p ro j ec t ing  on the  space spanned by the 

rows of matr ix  S. Recursion formulas a re  der ived  by changing the  

,.,e 
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p r o j e c t i o n  space.  The space spanned by S+Y i s  t h e  same as t h e  space 

spanned by S+Y(I-P(S)), because (I-P(S)) i s  t h e  complementary 

p r o j e c t i o n  ope ra to r  i.e.Y(I-P(S)) is  or thogonal  t o  S. Two matrices A 

and B a r e  or thogonal  i f  t r a c e  (ABT)=O ( r e f .  XI. In  t h i s  case: 

T T -1  t r a c e  [Y(I-P(s))s~I = trace [Y(I-S (SS 

= trace [Y(S -S I] = o 
s)sT1 

T T  

S i n c e  Y(I-P(s)) and S a r e  orthogonal:  

Because I-P (SI i s  t h e  complementary pro] e c t i o n  o p e r a t o r  t o  P ( S  1 : 

T T -1 
(I-P(S))P(S) = (I-s (SS 1 s)sT(ssT)-ls 

T T -1 T T -1 = s (SS 1 s - s (SS 1 s=o 

Subs ti t u t i n g :  

P(S+Y) = P(S) + (I-P(S)) YT[Y(I-P(S))Y T ] -1 Y(I-P(S)) 

Or : 

The choice of Y i n  equa t ion  A6 determines whether t h e  equa t ion  

desc r ibes  t i m e ,  o rde r ,  o r  bo th  r ecu r s ion :  

N + l  
-t - I. To g e t  o r d e r  r ecu r s ion ,  choose Y = x 



1 11. 'Ib get t i m e  recurs ion ,  choose Y=lIT: - 

%,t+Y = 

(A7  

Using elementary r o w  opera t ions  on the  I a s t  row to  e l imina te  t h e  

l a s t  column shows t h a t  t h i s  matr ix  spans the  same space as: 

S ince  the  upper matrix and bottom 

r 

J J 

row a r e  or thogonal :  

'('N, t -1  1 

0 * * *  0 
0 
1 'I 

O r  : 
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111. To g e t  both t i m e  and o r d e r  r ecu r s ion ,  choose Y = xT- 
-t' 

T OT -1 

It 

T 
'('N, t+zE)=[2 I t l X t + l ,  N+1 ('t+l, N + 1 1  1 kT 'tlX:+l ,N+1 't+l ,N+1 [ fl 

When us ing  t h i s  choice  t o  g e t  r e c u r s i o n  formulas,  no te  that:  

T N+2 T 
N+ 1 

X [o It] = x  N+ 2 

t + l  t+ 1 t + l  
X - 

N+ 2 
T N + l  

t t +  1 
= x(t-N-1) = il [0  I t]  - x - - -  ilT x - -  

The nex t  s t e p  i s  to  use t h e s e  p r o j e c t i o n  r u l e s  t o  d e r i v e  a r e c u r s i v e  

ve r s ion  of equat ion  A4. 

equat ions  A 7  and AS: 

Comparing equa t ion  A 4  t o  equa t ion  A6 and using 



1 7 1  

Y 

V 

W 

VT(I-P(S+Y) )w 

VT( I-P(S 1 )w 

VT( I-P ( s )YT 
Y I-P(S) Y 
Y t I-P(S) I T  w . 

T N+ 1 
X -t 

-tit 
T - 
e (t) -N+ 1 

e (t) -N 

?1 

?2 
r ( t - 1 )  -N 

A T  Se t :  ?1 = F N ( t )  

A 
?2  = % ( t - 1 )  

Three more r ecu r s ive  equat ions,  f o r  3, FN and RN, are 

r equ i r ed  t o  eva lua te  9 r ecu r s ive ly .  Determining these:  

Y 

V 

W 

VT(I-P S+Y) )w 

VT(I-P(S 1 )w 

VT(I-P(S))YT 

Y (I-P( s 1 )YT 

Y[I-P(S 1 ]w 

T 
N+1 

X -t 

% 
71 - 

T 
-t X 

T 
T - 

T 
71 - 

N+1 N + l  N+ 1 
X X X -t -t -t 

X -t 
N+ 1 

X -t 
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A *  Set :  ?3 = R N ( t )  

?4 A = B N ( t )  

Two more equat ions  are required: 

Y 

V 

W 

VT( I-P(S+Y) )w 

1 vT( I-P(S ) )YT 

Y( I-P(S 1 )YT 

Y( I-P(S 1 )w 

T T T N+ 1 
ll X 

N+ 1 T T T 
-t 

II 

- ll - n - K X 
-t -t 

K X X X X -t -t -t -t -t 

7t X X X -t -t -t 

N+ 1 N+l N+l 

N+ 1 
- 
II - - R - 

* 
-N+ e 1 ( t )  LN+l (t)  FN(t-l  s ( t - 2 )  RN(t-l BN+l ( t )  

* 
-N e ( t )  -N r k - 1 )  F I J ( t )  R N ( t - l )  R N ( t )  B N ( t )  

F N ( t )  F N ( t )  h ( t - 1 )  r ( t -1 )  s(t) r ( t - 1 )  T T 
-N -N 

rn m rn 

Table 24.1: Update Formulas for RLLS 

T *-1 
N N N N 

The combinations F ( t )  R-l ( t - 1 )  and F ( t )  R 

c o e f f i c i e n t s  and a r e  des igna ted  by K: 

( t )  are c a l l e d  r e f l e c t i o n  

The RLLS update equat ions  (with t h e  above s u b s t i t u t i o n s  and t h e  h e l p  of 

equation A 6 )  can  be read from Table A.l: 
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These are t h e  same equat ions  as i n  Figure 2.4.1 except  t h a t  t h e  

f o r g e t t i n g  f a c t o r  X h a s n ' t  been included. 

a t ransformat ion  between KN + KN and the GiN). 

der ived  i n  t h e  fo l lowing  pages. 

Recovering the  c o e f f i c i e n t s  G!N) of equat ion  A1 r e q u i r e s  f i n d i n g  

This r e l a t i o n s h i p  i s  
* l  

A.2 Der iva t ion  of RLLS as a Coordinate Transformation: 

The fol lowing d e r i v a t i o n  is based on t h e  one i n  Appendix 6.C i n  

Ref. 20. This  d e r i v a t i o n  d i f f e r s  from t h a t  i n  ref. 20 by emphasizing 

t h e  change of coord ina te s  a s p e c t  of the algori thm. This  s i m p l i f i e s  t h e  

a lgeb ra  r equ i r ed  i n  t h e  r e f .  20 de r iva t ion  and makes t h e  ex tens ion  of 

t h e  d e r i v a t i o n  ( s e c t i o n  A.3) t r i v i a l .  Also, some n o t a t i o n a l  changes 

w e r e  made t o  match t h e  rest of t h i s  t h e s i s  and t h e  parameter V w a s  

added (see note  1 under - tension of  Derivat ion i n  s e c t i o n  2.4). 

Equation numbers with a s t e r i s k s  i n d i c a t e  equat ions  which are l i s t e d  i n  

F igure  2.4.9. 

The system m o d e l  i n  ARMA form, as given i n  equat ion  2.4.1, is :  

A A 

- y ( t )  = e ( t )  A ( t - 1  1 

(assuming v i  i s  t h e  same f o r  a l l  i= l  to  p,  so t h a t  & ( t ) = $ ( t ) ) .  - 
Writ ing  t h e  system o rde r  e x p l i c i t l y  and inc lud ing  a p r e d i c t i o n  of t he  

i n p u t s  as w e l l  as t h e  outputs :  

where t h e  f i r s t  p rows of G equal  0 .  Since equat ion  2.4.3 w i l l  be used 

ex tens ive ly  i n  t h i s  d e r i v a t i o n ,  i t  i s  repeated he re  f o r  easy  r e fe rence :  



A s  descr ibed  by equat ion  A l l ,  the - r ( t )  are l i n e a r  combinations of 

k ( t )  (where - + ( O ) ( t )  = - 0): 

where T i s  lower t r i a n g u l a r  with ones on the diagonal .  Such a mat r ix  

is  always i n v e r t i b l e  so: 

The covariance mat r ix  P for  the weighted least  squa res  with f o r g e t t i n g  

f a c t o r  so lu t ion  of equat ion  A10 i s  ( re f .  20, p. 57): 
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k=l 

Likewise,  fo r  equat ion  A13: 

k=l  

-T -1 
= T ( n )  ( t) P ( t )  T (n )  ( t )  

me r t t )  w e r e  s p e c i r i c a i i y  cnosen so t n a t  E{r .  i c j  r .  T i  i c j  J=C f o r  iij, - -1 -3 
- 

so t h a t  P ( t )  i s  asymptot ica l ly  block diagonal  wi th  b locks  of dimension 

a x a. (Note t h a t  i f  a were 1 ,  then P ( t )  a sympto t i ca l ly  equa l s  D i n  

t h e  UDUT decomposition of P( t 1 and T(n)T a sympto t i ca l ly  equals  

U ) .  

I 

Rela t ionsh ip  Between Transformed and Untransformed Coef f i c i en t s :  

( n )  and K : r e l a t i o n s h i p  between G ( n )  and G(n) i.e. G 

Comparing equat ion  A14 and A10 order by o rde r  g ives  the 

n 



176 



1 7 7  

Using equat ion  A20 r e q u i r e s  a way t o  gene ra t e  H ( " ) ( t ) .  

r e c u r s i v e  equat ion  f o r  H ( " ) ( t )  can be der ived by cons ider ing  the  

c o u n t e r p a r t  of equat ion  All which is obtained from equat ion  A10. The 

5 are backward p r e d i c t i o n  e r r o r s  (or r e s i d u a l s ) ,  where s ( t )  i s  

t h a t  pa r t  of - x ( t - n )  which c a n ' t  be p red ic t ed  from x ( t ) ,  . * * , x ( t - n + l ) .  

Equation A10 can be used t o  gene ra t e  forward p r e d i c t i o n  e r r o r s  3 ( t )  : 

A 

A 

This  leads t o  a l t e r n a t e  express ions  f o r  x( t )  which are  similar t o  

equat ions  A10 and A14. From equat ion  All:  

The t i m e  indexing i n  equat ion  A23 can be understood by a change of 

no ta t ion .  Define t' 4 t-n. Then equat ion A23 becomes: 

Thus, t h e  low o rde r  terms do n o t  depend on the  number of terms i n  the 

equat ion ,  as must be t r u e  i f  the  3 a re  or thogonal .  

look a t  i t  is t h a t  t h e  i t h  t e r m  i s  a l i n e a r  combination of 

- x ( t ' + l ) , . . * , x ( t ' + i )  j u s t  as i n  equation A14 t h e  i t h  t e r m  is  a l i n e a r  

combination of x ( t - l ) ,  . * . , x ( t - i ) .  - 

Another way t o  
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Deriving t h e  r ecu r s ion  f o r  H(") by comparing equa t ions  A22 and A23 

o r d e r  by  order :  

1 s t order:  

From equa t ion  A21, e ( t + l  ) = x ( t + l ) :  - 
-0 

S h i f t i n g  t h e  t i m e  down by n and s u b s t i t u t i n g  from equa t ion  A21: 

A *  

A (n-1 1 ( t - l ) ]+K (+-)[Ia n- 1 
= {[O H 

"* 
with: ; ( ' ) ( t )  = K o ( t )  

Generating r and e : n n 
The next  s t e p  i s  t o  d e r i v e  equa t ions  f o r  gene ra t ing  3 and 

Worn equat ion  A1 1 : %. 
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S u b s t i t u t i n g  from e q u a t i o n  A25 (a f te r  s h i f i n g  t h e  t i m e  i n  A25 down by 

n): 

* (A27 ) 

S i m i l a r l y ,  from equa t ion  A21: 

S u b s t i t u t i n g  from equa t ion  A 1 8  ( a f t e r  s h i f t i n g  A 1 8  down one o r d e r ) :  

*(A28) 

From ref. N,  p. 57, t h e  weighted l e a s t  squa res  wi th  f o r g e t t i n g  

f a c t o r  s o l u t i o n s  f o r  €$, (from equa t ion  A 2 8 1  and %* (from equa t ion  

A271 are: 
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* (A291 

* (A301 

where: B,(k) = as y e t  undetermined weight ing f a c t o r  dependent on the 

‘measurement no i se  v a r i a n c e  V(k) and t h e  o r d e r  n. There is  

a suboptimal version of t h i s  a lgor i thm c a l l e d  a g r a d i e n t  

l a t t i c e  which sets t h i s  parameter to  1 .  

T ~ , ( t )  4 1 [ II X ( j ) ]  L n ( k - l ) e  (k)@,’(k) 
k=l j=k+l -n 

t t  
(A31 1 

Deriving these  i n  r e c u r s i v e  form: 

* (A35 ) 

*(A36) 
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Generat ing B - ( t ) :  

?he f i n  can be ca l cu la t ed  by transforming the  weighting f a c t o r s  
I 

from the  LS form. The LS s o l u t i o n  i s  ( r e f .  N, p. 57):  

k=l j=k+l  

The t i m e  indexing on R ( " ) ( t )  has been change4 from the  s tandard  

vers ion.  In RLLS, t h e  r eg res so r s  used to  c a l c u l a t e  - ;(")(t) a r e  

a v a i l a b l e  a t  t i m e  t-1 (e.g. - u ( t )  i s  not i nc luded) .  The noise  

s t a t i s t i c s  and f o r g e t t i n g  f a c t o r  (see equation A38) a r e  needed t o  time 

t, so t h a t  R ( " l ( t - 1 )  apparent ly  depends on d a t a  a t  t i m e  t. However, 

I t h e  no i se  s t a t i s t i c s  and f o r g e t t i n g  f a c t o r  a r e  cons t an t  f o r  RLLS (see 

Approximation Used i n  Equation A53, a t  t he  end of s e c t i o n  A.21,  so t h e  

n o t a t i o n  R(") ( t -1  is appropr ia te .  As i nd ica t ed  by equat ion  A39, 
zfn)(t-;; l - - a L  3 . . - L - -  - 2  

Lau L uacu u 1 L i i  L i i i i ~  L, but It C a l i  Le: L ~ l L u l a L e G  a L  L i i u e :  

t-1. From equat ion A38, A 1 2 ,  and A16 (wi th  the new no ta t ion ,  P ( t )  i s  

w r i t t e n  a s  P ( t - 1 )  and equals  R(n) ' l  ( t - 1 ) ) :  
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From equat ion A12 and s i n c e  the r i  are uncorrelated: 

or: 
m rn 

T 'I' 

- k ( n )  ( t ) A ( " )  (t-1 ) = - k (n-1 1 ;t)P(n-l i t-1 ) + r  -n-1 (t-1 )R-'It-l n- ) r  7l-1 ( t - 1  ) / V ( t )  

N o t e  t h e  s i m i l a r i t y  of t h e  term i n  b r a c k e t s  i n  equat ion  A37 t o  e q u a t i o n  

A21. C a l l  t h i s  &(t) :  

Simi la r ly ,  from equat ion  A1 1 : 

If t h e  d e r i v a t i o n s  f o r  equat ions  A27 and A28 are  repeated us ing  t h e s e  

es t imators :  
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S u b s t i t u t i n g  equat ion  A42 i n t o  equat ion  A37: 

To relate e ( t )  and (t),  combine equat ions  A21, A46, and A42: 
II il 

To relate 2: and 'r t h e  RLS s o l u t i o n  t o  equat ion  A22 is  needed: 
-l-l *, 

S u b s t i t u t i n g  equa t ion  A43 i n t o  A48: 



1 8 4  

Combining equat ions  Al l ,  A51, and A43: 

Comparing equat ions  A49 t o  A38 and A50 t o  A39 shows t h a t ,  f o r  

measurement no i se  s ta t i s t ics  and f o r g e t t i n g  f a c t o r  cons t an t :  

(For a d e t a i l e d  d i s c u s s i o n  of t h i s  equiva lence ,  see "Approximation Used 

i n  Equation A53" a t  t h e  end of s e c t i o n  A.2.)  

s t a t i s t i c s  and f o r g e t t i n g  f a c t o r  must be  c o n s t a n t ,  use V i n  place of  

V ( t )  and X i n  place of X ( t )  i n  t h e  res t  of t h i s  d e r i v a t i o n .  

S u b s t i t u t i n g  equa t ion  A53 t o  A52: 

S ince  t h e  no i se  

* 
To compare t h e  estimates of K 

t h o s e  f o r  G ( n )  and €i(n) i n  equat ions  A46 and A51, t h e  K 

and Kn from equa t ions  A29 and A30 t o  
* 

n n 

n 
and K 

equat ions  have t o  be converted t o  t h e  same form as t h e  G(n) and 

H(" )  equations.  

A35, A47 ,  A54, and A45: 

S t a r t i n g  wi th  equa t ion  A29, s u b s t i t u t i n g  A34, A29, 
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Simi la r ly ,  u s ing  equat ions  A 3 0 ,  A34 ,  A30, A36 ,  A47 ,  A 5 4 ,  and A44:  

-1 T K n ( t )  A *  = K n ( t - l )  A *  .+ r - ( t ) % ( t ) R n  T * ( t ) ( l - k ( n ) ( t )  q ( n ) ( t - l ) ) / B n ( t )  
-n+ 1 - 

I 

To compare ;(")and s t a r t  with equat ion A 4 6  then  s u b s t i t u t e  A 2 0 :  n-1' 



T T T 
M u l t i p l y  from t h e  r i g h t  by ( n + l ) ( t - l )  = h(n) ( t - 1 )  - x ( t - n ) ]  : 

S u b s t i t u t i n g  from e q u a t i o n s  A46, A19, and t h e  e q u i v a l e n t  of A19 f o r  

r (see e q u a t i o n  A43): 
II 

T 

- 

- 
II e ( t ) K ( n )  (t)f(") (t-1 ) + K n ( t ) r  --n ( t - 1  I-; n ( t -1  1; -n ( t -1  ) =  

T 
( t  ) I p + l )  ( t -1  1 

- 
-n+l e ( t )k(n+l)  

S u b s t i t u t i n g  from e q u a t i o n  A55: 

T 
e' ( t )k(n)  ( t ) q ( n ) ( t - l ) + K  ( t ) r  ( t - 1 l - i  n (t-1);  ?I ( t - 1 )  + 
II n -n 

T e - ( t ) & ( t - l ) R ; ' ( t - l ) r  T (t-l)[l-k(n)(t)p(n)(t-l)]/Bn(t)= 
- I I + l  1.1 

e ( t )k  (n+l l T  (t""" ( t - 1 )  
- 
-n+ 1 

S u b s t i t u t i n g  from e q u a t i o n  A54: 

- n -  e' ( t ) k ( n )  (t,S'"'(t-l ) + ( l - k ( n )  - ( t I ~ ' " ' ( t - 1  ) ) i n ( t ) & ( t - l  ) -Ln( t )F  -n ( t - 1 ) +  
T T 

T 
e ( t ) r ( t -1  T )Rn -1 ( t -1  )r ( t -1  )/f3 ( t )=e  -n+l (t)K("+'  ( t ) q ( " + l )  ( t - 1 )  
- 
-n+l 3 n 

Combining terms : 

.~ ~~ 

~ 
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S u b s t i t u t i n g  from equa t ions  A 4 7  and 
I 

A54: 

I m 

S u b s t i t u t i n g  from equa t ion  A 2 8  and A47:  

T Mul t ip ly ing  through by 1 -k ( n )  ( t  ( t - 1 )  and combining terms : - 

= o  

Since t h i s  i s  t r u e  f o r  a l l  e' ( t ) :  I I + 1  
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m rn 

Subs i t u t i n g  from equat ion  A41 i n t o  t h e  r i g h t  hand s i d e  and s u b t r a c t i n g  

- k(n) P("'(t-1) from both  s i d e s :  
4 

For n=O ( s i n c e  JJ-(O) = 0 from equat ion  2.4.2): 

B o k )  = v * (A581 

This i s  the  same as t h e  equat ion  i n  Fi.gure 2.4.1 because t h a t  equa t ion  

is f o r  the  i n p u t s  normalized by t h e  n o i s e  so t h a t  V = l .  For h ighe r  

o r d e r s ,  s u b s t i t u t e  A41 i n t o  A57: 

S u b s t i t u t i n g  f o r  the f i r s t  term from equa t ion  A57 and s h i f t i n g  up one 

o r d e r  : 
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Approximation Used in Equation A53 

Equations A37-A39 and A48-A50 are the batch version of the 

equations for - k(") and - l(n). 
R(") and Q(") are given initial values at t=O. 

equations A38, A39, A49, and A50 become: 

For the recursive form, the matrices 

In this case, 

j =1 k=l j=k+l 

The equations are initialized at t=O, and data is taken starting at 

t=l. To make the comparison easier to see, write the expressions f o r  

1(")(2) and - k(")(3): 
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Comparing these 2 express ions  i l l u s t r a t e s  t h a t  - l (n)  ( t ) = k ( n )  - ( t + l  ) i f :  

( 1 )  V ( t )  = c o n s t a n t  = V 

and e i t h e r :  

( 3 )  A ( t )  = c o n s t a n t  = X 
o r  : 

This is t h e  s tandard  set  of c o n d i t i o n s  f o r  t h e  a lgor i thm t o  be 

v a l i d .  An al ternate  set  of s u f f i c i e n t  c o n d i t i o n s  i s :  

N o t e  t h a t  t h i s  s e t  allows non-zero i n i t i a l  c o n d i t i o n s  while  p r e s e r v i n g  

t h e  s t r i c t  e q u a l i t y  of equation A53. 

A. 3 Extension of Der iva t ion  

Since B n ( t )  is t h e  l ea s t  squares  weighting f a c t o r  (see "Generating 

K, and I$,* i n  section A.2), t h e  equat ions  i n  f i g u r e  2.4.2 are  j u s t  

t h e  Kalman f i l t e r  vers ion  of t h e  equat ions  i n  f i g u r e  2.4.1 ( R e f .  20, 

p. 571, where: 

A -1 P ( t )  = R ( t )  n n 

* A *-1 
P n ( t )  = R ( t)  n 

A 
Y n ( t )  = B n W  

Using equat ions A60 and A 6 1 ,  

A59 1 become : 

Y 0 ( t )  = B J t )  = v 

'n+1 ( t )  = X (t)  = A B n ( t  

= y n ( t )  - g t - 1 )  Pn 
T 

(A60 1 

(A61 1 

t h e  equat ions  f o r  $ ( t )  (equat ions  A 5 8  and 

(A62 1 

T - r ( t - 1 )  P ( t - 1 )  r ( t - 1 )  
11 n --n 

t -1  1 r ( t -1  ) 
II 

(A63 1 
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Appendix B: Modal Parameter izat ion 3 

As descr ibed  i n  Ref. 13 and r e fe r r ed  t o  i n  t h i s  t h e s i s  as MIMO 

Parameter iza t ion  2, any observable  system can be p u t  i n  t h e  form 

(assuming the  inpu t s  d o n ' t  a f f e c t  t h e  outputs  d i r e c t l y  e.g. no 

un- in tegra ted  accelerometer  d a t a  1 : 

x ( k + l )  = [A.  . ]  x ( k )  + B u(k) 1 3  - - 

- where: A - 
ii 

A 
i j  

0 

a 
i j l  

. a .  

e . .  

a . .  
lPi j 

'I a 

0 . * e o  

B = f u l l y  populated 

v = v  ii i 
min ( v j , v i + l )  j < i 

m i n  fu  :u \ j > i 
v = {  i , j  = 1 t o  p ij 

- 3 1  
Consider a system where the  number of outputs  equa l s  h a l f  t h e  number of 

states and the  outputs  a r e  pos i t ioned  so t h a t  v i =  v i ,=  2. 

transformed A i i  w i l l  be of t h e  form: 
Then the  

1 
- - 

Ai i [ ' i i 1  a i i , ]  

Suppose f u r t h e r  t h a t  t h e  sensors  were such t h a t  a i j k = 0  f o r  a l l  i # 

j .  Then the  transformed A matr ix  would be of t h e  form: 

1 
A = d iag  i = l ,  . . . ,p; p=N/2 

=n 
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which i s  p r e c i s e l y  the  form des i r ed  f o r  modal parameter iza t ion  3. 

g e t  t h i s  form, genera te  t h e  t ransformat ion  as i f  t h e  above descr ibed  

s i t u a t i o n  e x i s t e d ,  then apply t o  the  r e a l  model. This requires proving 

t h a t  it is p o s s i b l e  to  choose the  sensors as descr ibed .  

To 

Proof of Exis tence of Transformation: 

Given (see r e f -  GI: 

Consider t he  system ++1 = A f5,, 
2n x 2n. Transform t h i s  sys tem using 

T= T A  
-1 

T 

L J  L 

, where A i s  

-. 

n 
cT A )  i j 2  -j cT = c ( a i j l  cT + a 

-1 j = l  -1 

( 1 )  Assume a - 0 f o r  i = j. Then: i j k -  

cT A 
T c .  + a i i l  -1 i i 2  -1 cT = a 

-1 

( 2 )  The A matr ix  s a t i s f i e s  i t s  own c h a r a c t e r i s t i c  equat ion  so: 
2 no repeated r o o t s  
> 2  repeated r o o t s  

2 A - $ A - a = rank d e f i c i e n t  by 

f l e x i b l e  mode 2 

- product  of 2 exponents r i g i d  body mode 

f l e x i b l e  mode 
r i g i d  body mode a =  v2- sum of 2 exponents 

- aii2A - a 2 ( 3 )  Since A 

condi t ions can be imposed on c . . 
i s  rank d e f i c i e n t  by a t  least  2, two 

T 
-1 

i i l  

2 ( a )  Replace one row of A - aii2A - a with the  t ranspose  
i i l  

of t he  €irst  column of B 

( b )  Normalize ci so t h a t  t he  l a r g e s t  element of 5; A B = 1 
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I f  t h e r e  are repeated r o o t s ,  o r  adding the column from B doesn ' t  

i n c r e a s e  the  rank of t h e  matrix,  then  more cond i t ions  could be imposed 

on 5.  Any choice  which g ives  T nonsingular  i s  allowed. 

The 3 ( a )  and 3 ( b )  condi t ions  g ive  the B mat r ix  i n  t h e  form 

requ i r ed  by m o d a l  parameter iza t ion  3. 
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